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Introduction

Complex Analysis is the theory of complex differentiable functions from regions of the
complex plane to the complex plane itself. In contrast to the formal similarity with real
differentiable functions, it turns out that complex differentiability is a stronger condition
that leads to a theory of extreme elegance and beauty.

Let us compare the world of real valued functions f : U — R and complex valued
functions f : U — C (where U is an open subset of R in the former case and of C in the
latter case) in the following table.

real valued functions | complex valued functions |

continuous continuous

differentiable holomorphic (complex diff’ble)
C! (cont. diff’ble) :

C2

C* (smooth) :
analytic analytic

While all classes of real valued functions (on the left hand side of the table) are
properly contained in each other, holomorphic functions fulfill the following central
result (which appears as Theorem 3.4.4 in the main text).

Theorem. Every holomorphic function is analytic.

The main technique of proof are path integrals of holomorphic functions:

Two corner stones towards the proof of the above theorem are the following (cf.
Theorem 2.7.4 and Theorem 3.1.1 for the concise formulations).
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Theorem (Cauchy’s integral theorem). The path integral fv f is homotopy invariant.

Theorem (Cauchy’s integral formula). For a circular path v around z (as below),

1
LI VAU
27 w—2
v

f(z) =

These results pave the way to the identification of a path integral with an elementary
expression in terms of easily computable numbers: the winding number W (~,c) of a
closed path around a singularity ¢ and the residue Res.(f) of f at a singularity ¢ (cf.
Theorem 4.4.4 for a concise formulation).

Theorem (Cauchy’s residue theorem). Let f be a holomorphic function and S the set of
isolated singularities of f. Then

/f = 27i - Y W(7,0)-Rese(f).

ceS
Besides the aforementioned concepts and techniques, we learn in this course about:
* the Cauchy-Riemann equations (and the relation between holomorphic and har-

monic functions);

* analytic extensions of the exponential function and trigonometric functions;
branches of the logarithm;

* Taylor and Laurent expansions;

* types of singularities: removable singularities, poles and essential singularities.
We apply the methods and results of the course to establish the following results:

¢ Liouville’s theorem;
* the fundamental theorem of algebra;

* the mean value theorem and the maximum modulus principle;

Rouche’s theorem;

the open mapping principle;

the inverse function theorem.



Chapter 1

Preliminaries

In this chapter, we revise knowledge from previous courses that we need for this course
in Complex Analysis.

1.1 The complex numbers

Let R be the real numbers. The complex numbers are the set C = R? together with the

vector addition
X X x+x
+ / = /
y y y+y
X K\ (X =y
v) V)  \x+xly

which turn C into a field. In particular, the additive neutral element of C is (8) and

the multiplicative unit is (j). The additive inverse of (’y“) is —(’y‘) = (:;‘) and the

and the multiplication

multiplicative inverse of a nonzero element (}) is

-1
6 == ()
y 2y \-y/)
We denote by C* = C\ {0} the unit group of C.
The real part of a complex number (;‘) is Re (i) — x and its imaginary part is

Im (j) =y. We call {(;}) | x € R} the real axis of C and {(S) | v € R} its imaginary axis.
Note that the real axis forms a subfield of C that is isomorphic to R. In the following,
we identify R with the real axis and write x for (8)

The imaginary unit is the element i = ((1)), which satisfies i> = (Bl) =—1,ie.iisa
square root of —1. This allows us to rewrite a complex number (’y‘) as

()= () -

7



Preliminaries

In this notation, the previous formulas for the sum, product and inverse of complex
numbers z = x+1iy and 7 = X’ iy’ can be rewritten as

z+7 = (o) Fily+Y),
7.7 = (' —yy) +i(xy +x'y),
o x—iy
-

The complex conjugate of z = x+1y is Z = x —iy. The absolute value of z = x +1iy is

lz| = Vz-2 = V242

Thus we have 77! = 7/z|2.
We typically illustrate C = R? as a plane with 1 pointing to the right and i pointing
upwards. Complex conjugation corresponds to the reflection in the x-axis.

Im2 L &
I &l

Re

&

Figure 1.1: Complex conjugation as the reflection in the x-axis

1.2 Polar coordinates

Let R.g = {x € R |x > 0} be the set of positive real numbers and R/27Z the quotient
of the additive group of R by the subgroup 27Z. The map

d: Roox(R/27Z) — C~
(r, ) —> r(cosp+isiny)

is a bijection whose inverse sends z € C* to W(z) = (|z|,argz) where arg z is the argument
of z;! this is, up to multiples of 360 degrees (i.e. 27 radians), the angle between the
positive real axis and the halfline spanned by z in counterclockwise direction. The tuple
(|z|,argz) is called the polar coordinates of z.

INote that we consider the argument as a function to R /277, i.e. the argument is only well-defined
up to integers multiples of 27. This allows us to add angles without further explanations, in contrast to the
so-called principal argument, which takes values in (—,7].



1.3. Sequences and series

Imzt+ &
| &l

LP= ang(x)

Rez

Figure 1.2: Argument of z

We can express several formulas in polar coordinates:

P(z-2) = (|z]-]7|, argz+arg?),
P! = (o' —argz),
¥(2) = (|z], —argz).

In particular, the multiplication with a complex number z of absolute value |z| = 1 is a

counter-clockwise rotation of C = R? by the angle 32—67? -argz around 0.

Imaginary
Imaginary

C

=

Real

(
/‘\
~— B
Vf
\

~—

Figure 1.3: A picture of a bear and its image after multiplication by z = —1

1.3 Sequences and series

A sequence in C is an indexed family {z, },en of complex numbers z, € C. A limit
of a sequence {z,},en is a complex number z € C such that for all e > 0, there is an
N € N such that |z — z| < e for all k > N. A sequence {z, },cn converges if a limit exists.
Otherwise it is said to diverge. We write

z = lim z, or n — 2
n—o0 n—oo

to indicate that z is a limit of {z, },en. A Cauchy sequence in C is a sequence {z, }nen in
C such that for all € > 0, there is an N € N such that for all k,/ > N, we have |z; —z;| < e.
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Figure 1.4: Convergence of a Cauchy sequence

Fact 1.3.1. Let {z,},cn be a sequence in C.

(1) Limits are unique, i.e. {2, },eN has at most one limit.

(2) The sequence {z,}nen has a limit if and only if it is a Cauchy sequence.

A series in C is an expression of the form ) ;” ;z, for complex numbers z,, € C. The
partial sums of ;- z; are the sums S, = Y7 ,z;. The series }.° ,z; converges (to z)
if the sequence {S, },,cn converges (to z). The series Y; yzi converges absolutely if
Y7 o |zi| converges as a series in R.

Fact 1.3.2. A series in C converges if it converges absolutely.
Definition 1.3.3. Let {a;};cn be a sequence of real numbers a;. The superior limit of
{ai} is

limsupa; = nlgrolo (sup{a; | i >n})

which we interpret as oo if sup{a; | i > n} = oo for all n and as —e if sup{a; | i > n} has
no lower bound.

Note that the superior limit always exists since sup{a; | i > n} is a monotonically
decreasing sequence in n. If {a;} converges, then limsup{a;} = lim{a;}.

Fact 1.3.4. Let {a;} and {b;} be sequences with superior limits in R. Then
limsupa; £+ limsupb; = limsup(a; £ b;)

and

limsupa; - limsupb; = limsup(a; - b;).

If a; # 0 for all i € N and limsupa; # 0, then

limsup(a; ') = (limsupa;)~".
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Figure 1.5: Limit superior and limit inferior

1.4 Open and closed subsets

We are mostly concerned with the topology of C = R?, but at times, we also apply
topological properties to R = R!. Therefore we revise the following topological concepts
and facts in the generality of R” for n > 0.

The Euclidean norm of a vector x = (x,...,x,) in R" is

x| = \/x3+...+x2

For x € R = R!, the Euclidean norm is equal to the usual Euclidean absolute value
|x|| = |x|. For z € C = R?, the Euclidean norm is equal to the complex absolute value
lzll = Iz].

Let r > 0 and a € R". The open ball of radius r and with center a is the set

Bi(a) = {xeR"|||x—d| <r}.

In R = R!, the open ball B,(a) is the open interval (a—r, a+r). In C = R?, the open
ball B,(a) is the open disc Dy(a) ={z € C | |z—a| < r}.

A subset U of R”" is open if for every a € U, there is an ¢ > 0 such that B.(a) C U.

In other words, U is open if and only if it is the union of open discs. A subset A of R”" is
closed if R\ A is open.

Fact 1.4.1. A subset A of R" is closed if and only if every Cauchy sequence {z,},cn in
A has a limit z = limz, in A.

The interior of a subset W of R" is

wW° = U U = {xeW |Bc(w) CW for some ¢ > 0},
Ucw
open

which is the largest open subset of W. The closure of W is

W = ﬂ A = {weR"|w=Ilimz, for {z,}peny C W},

WCA
closed
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which is the smallest closed subset of R” that contains W. A subset W C R" is dense in
R™ if W = R". The boundary of W is the difference dW = W \ W° between the closure
and the interior of W. In particular, we have

W =W\dW and W = WUIW.

IO,

W= W\ Jw W= wUIw

A subset V of W is open in W if it is of the form V = U N'W for an open subset U of
R”". This topology for W is called the induced topology or the subspace topology.

1.5 Continuous functions

Let W be a subset of R". A function f: W — R™ has a limit a € R" in w € W if for
every € > 0, there is a § > 0 such that f(Bs(w) "W) C B.(a). We write

a=limf(z) o flz) —a

in this case. Note that the limit lim,_,,, f(z) of f in w is unique if it exists.

Fact 1.5.1. Let f,g: W — R be two functions for which the limit in w € W exists. Then
lim(f£g)(z) = lim f(z) & lim g(z)

and

lim(f-¢)(z) = lim f(z)- lim g(z).

—w —w —w

Iflimg_,,, f(z) # 0, then
~1
lim1/£(z) = (lim /() -
The function f : W — R™ is continuous if f(w) =lim__,, f(z) for every w € W.

Fact 1.5.2. Let W C R" be a subset and f : W — R™ a function. Then the following are
equivalent:

(1) The function f is continuous.

(2) For every open subset U in R™, the inverse image f~'(U) is openin W.

(3) For every sequence {z,}ncrn in W with limit z € W, the image f(z) is a limit of

{f(zn) }nen.



1.6. Connected subsets

13

1.6 Connected subsets

A subset W of R" is connected if it is not contained in the disjoint union Uy LU, of two
open subsets U; and U, of R” that do neither contain W. A path in W is a continuous
map 7y : I — W from the unit interval / = [0, 1] to W. A subset W of R”" is path connected
if for all x,y € W, there is a path y : I — W such that y(0) = x and (1) = y.

Fact 1.6.1. Every path-connected subset W of R" is connected. If W is open, then W is
connected if and only if it is path-connected.

1.7 Compact subsets

A subset W of R” is bounded if there is an r > 0 such that W C B,(0). A subset A of R”
is compact if it is closed and bounded. For example, a subset of R = R! is compact if and
only if it is a finite union of closed intervals. The closed disc D,(a) ={z€ C||z—a| <r}
of radius r and with center a € C is a compact subset of C.

Theorem 1.7.1 (Heine-Borel and Bolzano-Weierstrass). Let A be a subset of R". The
following are equivalent:

(1) A is compact.

(2) If A C U Ui for open subsets U; of R", then there exists a finite subset J of I such
that A C ;e Ui

(3) For every sequence {z,}nen in A, there is an order-preserving injection o : N — N
such that {Zg(n) }nen has a limit in A.

Lemma 1.7.2. Let A C R" be a compact subset and f : A — R"™ a continuous function.
Then f(A) is a compact subset of R™. In particular, if A C C is compact, then every
continuous function f : A — R assumes its maximum, i.e. there is an a € A such that

f(z) < f(a) for all z € A.

Lemma 1.7.3 (Lebesgue’s Lemma). Let A C R” be a compact subset that is contained
in the union | J;c; U; of open subsets U; of R". Then there is a 6 > 0 such that for every
a € A, there is an i € I such that Bs(a) C U,.

In particular, if [0, 1)" = U,c; Ui for open subsets U; of [0, 1]" (in the subset topology
for [0,1]"), then there is an N > O such that for all ky, ...k, € {1,...,N}, there is an

i €1 such that
ki—1 k k,—1 k,
[ N ﬂ[ N ’ﬂ <

1.8 Exercises
Exercise 1.8.1. Verify all formulas of section 0.1 and section 0.2.

Exercise 1.8.2. Show that lim,, ,..(n+ 1)!/7 = 1, which can be done as follows:
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(1) For an integer n > 1, show that n+ 1 < (1 ++/2/(n+1) )n by comparing n+ 1
with the binomial expansion of the right hand side.

(2) Use this together with 1 < (n+1)"/" and lim1 ++/2/(n+1) = 1 to conclude
that lim(n+1)'/" = 1.

Exercise 1.8.3. Let z € C have 7] < 1. Show that the partial sum S, = Y* 7’ equals

(z"*'—1)/(z—1) and conclude that the series Y5, z' converges absolutely to (1 —z)~!.

Exercise 1.8.4 (Warsow curve). Consider the following subset of R2:
X = {(xsin(3) [x>0} U {(0y) | -1<y<1}
Show that X is closed and connected. Show that X is not path-connected.

Exercise 1.8.5. Let f: X — Y be a continuous map, X compact and Z C X closed. Prove
that both Z and f(X) are compact.

Exercise 1.8.6. Show that X is connected if and only if there is no continuous surjection
X — {0, 1} with respect to the discrete topology for {0, 1} (i.e. every subset is open).

Exercise 1.8.7. Prove all facts in this chapter.



Chapter 2

Holomorphic functions

2.1 Definitions

Definition 2.1.1. Let U and V be open subsets of C and a € U. A function f: U —V
is complex differentiable in a if

f'(a) = lim

Z—a

f(z)—f(a)
—

a

exists. A function f : U — V is holomorphic if it is complex differentiable in all a € U.
An entire function is a holomorphic function f: C — C.

Mostly the codomain V plays a subordinate role and it does not matter if we replace
V by C, or vice versa. Therefore we consider f : U — C often as a function in C.
In some situations, it is however important to work with proper subsets V of C as a
codomain, such as in Theorem 1.2.5.

Remark 2.1.2. A function f: U — C is complex differentiable in a € U if and only if
there is a w € C such that

Q- f@-w-z=a)

i o

In this case f'(a) = w.
Note further that if f'(a) exists, then

lim (£(2) ~ f(a) = f'(@)-lim(z—a) = 0,

—a —a
which shows that f is continuous in a.

Proposition 2.1.3. Let U C C be an open subset, a c U, c € Cand f,g:U — C two
functions that are complex differentiable in a. Then

(1) (f£8) (a) = f'(a) £ ¢'(a);

15
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(2) (c-f)(a) =c-f(a);

(3) (f-8)'(a) = f"(a)-g(a) + f(a) - §'(a); (Leibniz rule)
(4) (1/f) (@)= —f'(a)/(f(a))? if f(a) # 0.

(5) IfV C Cis an open subset with f(U) CV and h:V — C is complex differentiable

in f(a), then (ho f) (a) =W (f(a))- f'(a). (Chain rule)

Proof. We only prove the most difficult case (5) and leave (1)—(4) as an exercise. The
chain rule follows from the direct computation

i (D= (6200) _ (2D 0 1))

—a 7— —a f(z)—f(a) ~a  z—a

where we use that limits interchange with products (Fact 0.5.1) for the first equality.
For the second equality, we use that f is continuous in @ and thus f(z) — f(a) when
Z—a. []

Example 2.1.4. (1) Letn > 0. Then the function

f: C — C
7z — 7"

is entire with derivative f’(z) = nz"~!. (We leave the verification of this claim as
an exercise.)

(2) Letn <0and C* = C\ {0}. Then the function

f: ¢ — C
z — !

is entire with derivative f'(z) = nz"~!. (We leave the verification of this claim as
an exercise.)

(3) A polynomial function is a function f : C — C of the form f(z) = ZZ:O cnd"
for some cy,...,cy € C. A polynomial function is entire with derivative f'(z) =
ZZ;(I) (n+1)cn12".

(4) Let f,g: U — C be holomorphic and assume that g(z) # 0 for z € U. Then
g : U — C is holomorphic with derivative

OCER=2E)

A rational function is a function of the form % : U — C for two polynomial
functions f and g.
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2.2 The Cauchy-Riemann equations

In this section, we investigate how complex differentiability relates to real differentiabil-
ity. For this, we recall the concept of differentiability in two real variables.

Recall that x + iy = (’y‘) under the identification C = R?. Let U C C be an open
subset and f : U — C a function. Then there exist unique functions u,v : U — R such
that

fx+iy) = u(x,y) +iv(x,y)
for all x,y € R; namely
u(x,y) = Re(f(x+iy))  and  v(x,y) = Im(f(x+iy)).
We write f = u+iv for short to express these relations.

Definition 2.2.1. Leta = (f) € U. The function f : U — R? is (real) differentiable in a
if there is a real 2 x 2-matrix J¢(a) such that

(f (o) = fbr0) = Ipla) - () = (2)) (0)

li .
im 0

(- 1) = Ol

The function f : U — R? is differentiable if it is differentiable in all a € U.

The matrix Jr is unique if it exists, and it is called the Jacobian matrix of f. Its
coefficients are denoted as follows:

9u(q) %u(g) ux(a) uy(a)
4) — ox dy — Y .
Jr(a) (3_;(61) 3—;(@) (vx(a) Vy(a)>

The key lemma to relate complex and real differentiation is the following.

Lemma 2.2.2. Let A be a real 2 X 2-matrix and w = r+is € C. Thenwz=A- (’y‘) for
allz=x+iy € Cifand only if A = (§ _,S).

Proof. The computation

wz = (r+is)- (x+iy) = (e—sy) +i(ry+sx) = (570 = (67°)6)

shows that z — wz is an R-linear map R?> — R? that corresponds to the (uniquely
determined) matrix A = ( A ) O

Theorem 2.2.3. Let U C C be an open subset and f = u—+iv: U — C a function. Then
[ is holomorphic if and only if f is differentiable and if the Cauchy-Riemann equations
hold:

Uy = Vy and Uy = —Vy.

If f is holomorphic, then f'(a) = uy(a) +ivy(a) foralla € U.
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Proof. Leta = (%) € U. The function f is complex differentiable in a if and only if

f@)~fla)=f"(a)-(z=a) o

|z—d 7—a

with f’(a) = r+is for some r,s € R. By Lemma 1.2.2, this is equivalent to

F0e)=F(b.e) =T p(@)((5) = ()
1) -l )=

with J¢(a) = (; 7*) for some r,s € R.

S r
By the definition of the partial differentials u,, u,, vy and vy, we have r = u,(a) =

vy(a) and s = —u,(a) = vy(a). Thus f is holomorphic if and only if f is (real) differen-
tiable and if the Cauchy-Riemann equations u, = vy and u, = —v, hold. ]

Example 2.2.4. (1) The function

C

f: C —
7 —

satisfies

flr+iy) = (x+iy)?® = (@ =3 +i2w) = u(x,y) +iv(x,y)
for u(x,y) = x> —y? and v(x,y) = 2xy, which satisfy Cauchy-Riemann equations:

Uy = 2x = vy and uy = =2y = —v,.

2

This re-establishes that z — z~ is an entire function.

(2) The complex conjugation

f: C —
z =

N6

satisfies
fx+iy) = x—iy = u(x,y) +iv(x,y)
for u(x,y) =xand v(x,y) = —y. Since u, = 1 # —1 = v, the complex conjugation

is not holomorphic.

Theorem 2.2.5 (Inverse function theorem). Let U and V be open subsets of C and
f :U — 'V a holomorphic bijection with inverse bijection g : V — U. If g is continuous
and if f'(a) # 0 for all a € U, then g is holomorphic with derivative

1
f'(g(b))

g'(b) =

forallbeV.
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Proof. Consider w,b € V with images z = g(w) and a = g(b). Since both f and g are
continuous, w converges to b if and only if z converges to a (where we consider w and z
as variables). Since f’(a) # 0, we can exchange the limit with (—)~! (Fact 0.5.1), which
yields

w=b  w—b —a f(z)— f(a) =a  z—a
1 1
f'a)  f'(gD))
This shows, in particular, that g is complex differentiable in b. OJ

Remark 2.2.6. The assumption that g is continuous is not necessary for Theorem 1.2.5
to hold. This can be seen by applying the implicit function theorem of (real) multivariate
analysis, which shows that g is (real) differentiable and therefore continuous. We will
show this later on with an argument from complex analysis.

2.3 Power series

Definition 2.3.1. A (complex) power series is an expression of the form
)
n=0

with ag,ay,... € C. When the context is clear, we write Y a,z" for short.

In the following we investigate the question for which z € C such a power series con-
verges and write Y a,7" = f(z) if ¥ a,z"* converges to f(z) (where f(z) is an expression
in 7). Subsequently, we show that power series define holomorphic functions whenever
they converge on an open disc of the form D,(a) = {z€ C||z—a| < r}.

Lemma 2.3.2. The geometric series Y 7" converges absolutely

L7 -5

-z
for all z € D1(0).

Proof. Consider the partial sums
| Z‘n—H

n—Z’Z‘ 1—‘Z’

of absolute values where the identity on the left hand side results from multiplying both
sides by 1 —|z|. For z € D{(0), we have lim,, . |z|"*! = 0. Thus
= 1—[z]"t! 1
Y |2" = limS, = lim ™ _
n=0 nreo nmvee 11— 1=z

converges. In other words, } 7" converges absolutely for z € D;(0). The same computa-
tion with |z| replaced by z shows that ¥z converges to 1~ - for z€ Dy(0). O
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As a consequence, we see that the power series ) >, a,Z" defines a holomorphic
function f : D{(0) — C. In fact, %_Z extends to a holomorphic function f: C\ {1} — C,
which is a first example for analytic continuation, which we discuss in a later section, cf.
Definition 4.1.1 and section 5.1.

Definition 2.3.3. The radius of convergence of a power series Y a,7" is
1

limsup|a, |/
where we define % —ooand £ = 0.

Theorem 2.3.4 (Cauchy-Hadamard). Let } a,7" be a power series with radius of con-
vergence R. Then Y a,7" converges absolutely if |z| < R and it diverges if |z| > R.

Proof. Let L = limsup |a,|'/" = %. Assume that |z| < R or, equivalently, that L+ |z| <
1. Then there is an € > 0 such that ¢ = (L+¢) - |z] < 1. By the definition of L =
limsup |a,|'/", there is an N > 0 such that |a,|'/" < L+ ¢ for all n > N. Thus

[ [}

Y lanl- |2 < C+ )Y (L+e)-2)" =C+ ) ¢
n=0 n=0 n=0

for some sufficiently large C € R. Since ¢ < 1, Lemma 1.3.2 implies that }_ ¢" converges,

which shows that " a,z" converges absolutely for |z| < R.

Assume that |z| > R or, equivalently, that L |z| > 1. It suffices to show that the
sequence of partial sums S, =} _a,z" is not a Cauchy sequence, in order to show that
Y a,7" converges. First note that there is an € > 0 such that g = (L —¢€) - |z| > 1. By the
definition of L = limsup |a,|'/", there are infinitely many n € N such that |a,|'/" > L—e.
For such n, we have

S0=Suctl = land| > ((L—0)-I)" = "

which does not tend to O for increasing n. This shows that {S, } is not a Cauchy sequence
and that ) a,7" diverges. O

Remark 2.3.5. For |z| = R, it depends on the series and the specific z whether Y a,7"
converges or diverges.

Example 2.3.6. (1) The exponential series

has radius of convergence

1 1
B limsup |- |1/ B g B
since
R (e Y

n—yo0
This defines the exponential function exp : C — C with exp(z) = €%, where we
use the notation exp(z) and e* interchangeably.
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(2) Both

i ) i
cosz = Z —7" and sing = Z b
n! n!
neN even neN odd
have radius of convergence R = oo and thus define functions cos : C — C and
sin: C — C.

Theorem 2.3.7. Let Y a,7" be a power series with radius of convergence R. Then the
function
f: DR(O) — C
Z — Y a,7"

is holomorphic with derivative

o)

fl@) = ) (n+1)-annd",

n=0

which is a power series with the same radius of convergence R.

Proof. For the sake of this proof, let g(z) =Y ((n+1)-a,41z". Usingm =n+1 and
Exercise 0.8.2, we have

limsup|m-am\1/(’"_1) = limSUpml/(m_l)-1imsup(|am|%)m/(m_l)
=1
. Um 1
= limsup|ay| S

R’

which shows that the radius of convergence of the power series Y (n+ 1) - a,,+ 17" is equal
to that of ¥ a,z", which defines g as a function from Dg(0) to C.

In order to prove that ¥ a,z" is holomorphic on Dg(0) with derivative f(z) = g(z),
we divide the power series into its partial sum and its “tail”

N I
Sn(z) = Zanzn and En(z) = Z an?’,
n=0 n=N+1

respectively. Consider a fixed element z € Dg(0) and |z| < r < R. For an element
h € D,_(0)\ {0}, we compute

_ (SN(Z+hI/)l—SN(Z) —va(Z)> N (va(z)—g(z)) N (EN(Z‘FhI?l—EN(Z))

We have
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by definition of the derivative Sy (z), and

[

Sy()—gz) = — Y (n+1)-apd" — 0.
n=N+1 N—vee

Since " —b" = (a—b) - Y1~ a'b" '~ for a = z+ h and b = z, we have for small / (for
which |z| < rand |z+h| < r)

En(z+h)—EN(z 1 >
NE+h)—En@)| 1 Y a((z+h) )
h |h‘ n=N+1
1 o n—1
= — Z an (Z+h—z)-2(z+h)‘z" 1=
L o i=0
< — Z lan| - |z+h—2]- Z(z-l—h)’z"_l_"
|h‘ n=N-+1 i=0
h o0
<‘E Z‘an|Z‘Z+h1nll‘
n=N-+1 i=0
< Z \ap| -n- ",
n=N+1
which tends to 0 as N — oo. Thus
. +h)—
lim f(Z ) f(Z)_ (Z)‘ < |S§\](Z) ‘_1_ Z ’an| ne 0,
h—0 h n=N+1 N=peo
which shows that Fleth)— £
z+hn)—f(z
= i
g(z) = lim .
is the differential f’(z) of f in z. This shows, in particular, that f is holomorphic as a
function in Dg(z). O

As an immediate consequence, we have:
Corollary 2.3.8. The functions exp, cos and sin are entire.

Proposition 2.3.9. Consider two power series f(z) =Y. anz" and g(z) =Y. b,7" that are
absolutely convergent on D,(0) with r > 0 (possibly r = o) and let ¢ € C. Then

%)

(f£8)(z) = Z(an:l:bn)z"

n=0
(e)) = iown)z”;
(f-8)( Z (Zaz n— z) (Cauchy product)

for all z € D,(0). In particular, all power series converge absolutely for z € D,(0).
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Proof. All three formulas follow by proving them for the partial sums of the correspond-
ing power series and then letting the number of terms in the partial sums go to infinity.
Since the limit of the partial sums converges, the power series in these equations have
radius of convergence R > r and thus converge absolutely for z € D,(0). We omit the
details. O]

Corollary 2.3.10. For all complex numbers 7 = x+1y and w, we have

(1) exp'(z) =exp(z) (4) €% =cosz+isinz (7) cosz=%(e“+e )
(2) sin’(z) = cos(z) (5) e* =¢*(cosy+isiny) (8) sinz= %(@"Z —e %)
(3) cos'(z) = —sin(z) (6) &MV =¢-e" 9) 7= 7] - '¥€F

The proof of these identifies follow from a direct manipulation of the corresponding
power series, which is left as an exercise. The identity e’* = cosz+isinz is known as
Euler’s formula.

2.4 The logarithm

The real exponential function exp : R — R+ is a bijection with inverse log : R~o — R.
In this section, we investigate the corresponding behaviour of the complex exponential
function exp : C — C.

As a first observation, we compute for z = x+1iy € C that

Z X LI X
e = e - (cos isiny) € C
& - (cosy+isiny)
€R>o0 =

where S! = {z € C | |z| = 1} is the unit sphere. Therefore the image of exp : C — C is
CX - R>0 X Sl.

' €
/ cosy + isiny

If w € C* has polar coordinates (|w|,argw) with |w| € Ry and argw € R/27Z,
then
eXPfl(W) = {x—l—iy S C|X= log|w|, y € argw—|—27TZ}.
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In particular, exp~!(1) = 27iZ. This shows that exp : C — C* is not injective, in
contrast to exp : R — R+.

\\ ///
= \\\

///—\ \\\\ exp

//// / l \\\\

w

////\\\ a)\

Figure 2.1: Enter Caption

Idea: restrict exp to a bijection between subsets of the forms
Ho = {z€C|Im(z) € (,a+27)} and Uy = C\{\-J|\>0}

fora € Rand ¥ = & € S,

i(o(-\-bc\
)
0o

ﬁog.x

Definition 2.4.1. The a-branch of the logarithm is the inverse log, : Uy — H, to
the bijection exp : H, — Uy for a« € R and ¥ = €'*. The principal branch of log is
log=1log__ :U_; = H_,.

Proposition 2.4.2. Let o € R and ¥ = €. The function log,, : Uy — H is holomorphic
with derivative

1

logh(2) = .

Proof. As a first step, we show that log,, is continuous, i.e., for every a € Uy with image
b =1log, (a) and for every € > 0 there is a § > 0 such that

log, (Ds(a)NUy) C De(b).
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After making e and 0 suitably small, we can assume that Ds(a) C Uy and that D.(b) C
H,- Since expolog,, is the identity on Ds(a), the above inclusion follows from the
inclusion Ds(a) C exp(Dc(b)) of the respective images under exp. Let Q be a small
square around b contained in D.(b). Then the horizontal boundary lines of the square
are mapped to straight lines that lie on rays originating from the origin of C, and the
vertical boundary lines of the square lie on circles around the origin. This makes clear
that exp(Q) is a deformed square that contains « in its interior (as illustrated below) and
thus also an open disc D;(a) for suitably small §. This shows that log,, is continuous.

D, (k) gL
TS

LN

Therefore we can apply the inverse function theorem (Theorem 1.2.5) to exp : H,, —
Uy, which shows that its inverse log,, is holomorphic with derivative

log’.(2) 1 1 1
zZ) = — = -,
¢ exp’ (log,(z))  exp(loga(z)) 2
where we use Exercise 3 from List 2 for exp’(w) = exp(w). O

Remark 2.4.3. (1) We have
log,,(z) —logs(z) € 2miZ

forall o, 3 € R and z € Uia N U,is.
(2) For @ € R and ¥ = ¢\, we have
lim <loga(19 -e71) —log,, (V- ei€)> = 27i.

e—0
with >0
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(3) We have log,,(z-w) =log,(z) +log,(w) (mod 2miZ), but in general these terms
are not equal. For example:

log (e%”i~e%”i> = log (e_7”i> = —%ﬂ'i

# %Wi = (%ﬂ'i) + (%ﬂ'i) = log (e%”i> +1log (e%ﬂi>_

Insert an illustration

Application 1: Complex powers

Heuristically, we could attempt to define the power z" for z,w € C with z,w # 0 as

w

?
7" =

(o2a@)r — priog (2

for suitable € R. However, this expression depends on the choice of a.
A better definition of z" is as the set

M= {ew~logﬁ(z) |5 €R, L # Z/|Z|} _ {ew-(loga(z)+k~27ri) ‘k c Z},
which does not depend on the choice of «, but rather combines all possible such choices.

Lemma 2.4.4. Let z,w € C with z,w # 0. Then the set 7" is a singleton if and only if
w € Z and it is finite if and only if w € Q.

Proof. The set
2 = {ew~(loga(z)+k-27ri) ’k c Z},

is finite if and only if kw € Z for some k > 0, which is the case if and only if w € Q.
This proves the second claim. The first claim follows since z" is a singleton if and only
if kw € Z for all k > 0, which means that w € Z. ]

Example 2.4.5. For positive n € N, we have

Yz = = {enlosald o2 1 a).
=0 =

. . . 2w,
where pg is an n-th root of z (which depends on the choice of @) and (;, =en isa
primitive n-th root of unity.
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Wq

Wy '\‘f'\z/\

Wy

Proposition 2.4.6. Letw € C*, a € R and ¥ = €. Then the map

f: Uy — C
z — eW'lOga(Z)

is holomorphic with derivative
f(z) = w-elv=Dloga(@),

If we interpret f(z) as (a branch of) 7", then Proposition 1.4.6 shows that f’(z) is (a
branch of) w-z"~ 1.

Proof. As a composition of holomorphic functions, f is holomorphic. We use the rules
from Proposition 1.1.3 to compute:

7' = exp/ (1 10g, 2)) - Togh (2) = explw-Tog,(2)w- -

= Ww- e_l'loga(z) . ew-loga(z) = Ww- e(w_])'loga (Z) .

O

Application 2: Inverse trigonometric functions

Let z = cos(w). If we try to express w in dependency of z, we find that

1. .
z = cos(w) = E(elw—ke_'w)
& 27 = g™
& (™) —2z"+1 =0

& w= —ilog, (z£ivV1-2?)

for a suitable o € R. The principal branch of arccos is

arccos: C\{xeR||x[>1} — C

Z — —i~10g(z—i—i\/1—z2)
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where « = —mand 1 —z2 € U_;.

Insert an illustration

Similarly, we define the principal branch of arcsin as

arcsin: C\{xeR||x|>1} — C

z — —i-log (iz+v1—22).



Chapter 3

Path integrals

Motivation

b
Question. Does the expression [ f(z) dz make sense for f :U — C and a,b € U C C?

a

Thought 1. If f = F’ for a holomorphic function F : U — C, then we expect that

b
[f@dz = F@o)~Fla).

Thought 2. Attempt to construct F:

* Choose F(a) arbitrarily.

* For small Az = b — a, we expect that

F(b) =~ F(a)+Az- f(a).
* For general b, we would like to define

F(b) = F(a) + lim Z Azi- f(ai1).

n—roo

Azi—0 =1
’7" b = Q“
Aiz
Az,
QAN
o =qQ

29



30

Path integrals

Problem.

Thought 3. Integrate along path v from a to b.
Question. Is [ f(z) dz independent of v?
gl

3.1 Preliminaries

Definition 3.1.1. Let a < b be real numbers and f : [a,b] — C continuous. We define

b b b
/f(t) dt = /Re(f(t))dt+i~/lm(f(t))dt
and

/af(t) dt = —/bf(t) dt.
b a

Proposition 3.1.2. Let a < b be real numbers and f : [a,b] — C continuous. Then the
following hold.

(1) fabf(t) dt is C-linear in f, i.e.,

/b(f+g)(f) dt = /bf(f) dt + /bg(f) dt

and
b

[ty = c-/bf<t> dr

for all continuous g : [a,b] — C and ¢ € C.
(2) Fora=ay < ...<a, =D,

b a;

/f(t)dt = z; a/f(t) dt

a i—1
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(3) If f=F = (g%g;) for (real) differentiable F : [a,b] — C, then

b
/f(t) dt — F(b)—F(a).

(4) Let o : [c,d] — |a,b] be a continuously differentiable map where ¢ < d. Then

a(d) d

flydr = [ flals))-o'(s) ds.

a(c) ¢

(5)

b b
Jroa| < [irola < G- -mx{fn)]la<r<b)

Note that {|f(¢)| | @ <t < b} is compact as the image of the compact interval [a, b]
under the continuous map |f| : [@,b] — R, and therefore its maximum exists.

3.2 Path integrals

Definition 3.2.1. Let U be an open subset of C. A path in U is a continuous map
7 : [a,b] — U where a < b. A path ~y : [a,b] — U is closed if y(a) = v(b). It is smooth
if it is continuously differentiable. We denote its derivative by

.. d (4 Re(1(1))
”“”‘E””‘<%mwm9'

In the literature, paths are also called curves or arcs. Typically we parameterize paths
v : 1 — U by the unit interval I = [0, 1].

Definition 3.2.2. Let U C C be open, v : [a,b] — U smooth and f : U — C continuous.

The path integral of f along ~ is

/f - /f(z) dz = /bf(’Y(f))'W'(t) dr.
y 5 J

The arc length of y is

Example 3.2.3.
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(1) Let p € U. The constant path based at p is the path v : I — U with (t) = p for
all t € I. Tts derivative is 7/ (t) = ({) for all 7 € I. Therefore

1

1
() = [Wera =0 ad  [f= [f60)70d =0
v 0

0
for any continuous function f: U — C.

(2) Let p,q € U. The linear path from p to q is the path v : [ — U given by 7(t) =
p+t-(q—p) fort € I. Tts derivative is 7/ (1) = g — p for all 7 € I. Therefore

1 1
l(y) = /\q—p| dt = |g—p| and /f = /f(v(f))'(q—p) dt
0 vy 0

for any continuous function f : U — C. For example, if v(¢) = ¢ is the linear path
from 0 = v(0) to 1 = ~(1), then

[r- /1 Re (£(1))dr
Y 0

is the same as the usual integral of the real valued function Re o f: I — R.
(3) Letw € C and r > 0. The (parameterized) circle of radius r around w is the path

Cw)y: I — C
[ —  w re?mit

<\—

In ¢
C,Cws

~
L—>

‘f: 0, t: ]

.
Sl—

tho e,

~
"
£w

Its derivative is C,(w)/(t) = 2i - re>™*

and its length is
1 1
U(Cr(w)) = /|27Ti-r627ri't] dt = /27T-r-|6277i"| dt = 27-r.
0

0 =1
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Letw=0and r = 1. Consider f: C* — C with f(z) =" forn € Z. If n # —1,

then f = F’ for F(z) = ﬁz"“ and thus

/ f= Zdz 2 F(1)—F(1) = 0,
C1(0) C1(0)

as we show in Proposition 2.2.4. For n = —1, this integral is more interesting:
1 27 1 d 27 1 27
/ —dr = /—.-(—eif> di = /—.-i-ei’dt — /idt — 2ri.
C1(0) 2 / el \dt J el /

Proposition 3.2.4. Let U C C be open, f:U — C continuous and  : [a,b] - U a
smooth path. Then

(1) [, fis C-linear in f.
(2) Fora=ao<...<ap=band v =" , )

[r=x ]

(3) If f = F' for a holomorphic function F : U — C, then
|1 = Fom)—FO@),

(4) Let o [c,d] — [a,b] be continuously differentiable with a(c) = a and a(d) = b.

Then
[1- ]
¥

(5)
[r] <t max(ls@)lz e imt)
J

(6) Let vy~ :|a,b] — U be defined by v~ (t) =~y(a+b—t). Then

Proof. Properties (1) and (2) follow directly from the corresponding properties of
Proposition 2.1.2.
Property (3) follows from the direct computation

b

b
[£=[Fao) -y = [(ForY@yd = Fo)-F)
¥ a

a
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where we use the chain rule for multivariate real-valued functions for the second equality
and Proposition 2.1.2.(3) for the third equality.
Property (4) follows from the direct computation

[r= /f’yoa (y00)(5) ds

Yoo

- / F(als)) 7/ (a(s)) -/ (s) ds

- /b )0 d = 1

where we use Proposition 2.1.2.(4) for the third equality.
Property (5) follows from the direct computation

|- /b FG0) @) di
:

</|f DINCAOIRY

< () -max{[f(2)| | z € im(7)}

where we use Proposition 2.1.2.(5) for the first inequality. The second inequality follows
from | £(7(z))| < max{[f(2)| | z € im(7)}.

Property (6) follows analogously to (4), using that v~ = o« for the map « :
[a,b] — [a,b] with a(t) = a+ b —t. The difference is that the end points are reversed,
i.e., «(a) = b and a(b) = a, which leads to

a(b) b
[r=[reo)+a=-[r a
g a(a) a

Definition 3.2.5. Let U C C be open. A contour in U is a path + : [a,b] — U that
is piecewise smooth, i.e. there are a = ap < --- < a, = b such that the restrictions
it [ai—1,a;] = U of 7 to [a;_1,a;| are smooth foralli=1,...,n

Given a contour v : [a,b] — U and gy < - - - < a, as above and a holomorphic function
f: U — C, we define the path integral of f along v as

[-%

Remark 3.2.6. There is a unique minimal choice of ay < --- < a, for a contour 7,
which are the points where + fails to be continuously differentiable. By property (2) of
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Proposition 2.2.4, the value of the path integral |. ~ f 1s, however, independent of adding
points to the sequence ag < - -- < a,, which shows that f7 f is independent of the choice
of ap < --- < ay.

All properties of Proposition 2.2.4 generalize literally to contours; cf. Exercise 2.8.8.

Outlook: Cauchy’s integral theorem

Our goal in this chapter is to prove the following.

Theorem (Cauchy’s integral theorem). Let U C C be open, f : U — C holomorphic

and 7y : I — C a path. If 7y is contractible, then [ f = 0.
gl

vec

Question.

» What does it mean that a path is contractible?

» What is [ f for a path ~y that is not smooth?
gl

Strategy. The proof of Cauchy’s integral theorem is intricate and progresses along the
following steps:

(1) Goursat: f7 f =0 for triangular paths.

(2) Primitives for f on discs.

(3) Define fv f for arbitrary paths.

(4) Homotopy invariance of [, f.

(5) Cauchy’s integral theorem and more.

3.3 Goursat’s theorem

A triangle in C is a subset of the following form:
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S B4
T

S
4

§>

A boundary curve for T is a closed path v:1 — T that transverses once counter-
clockwise around 7 (i.e., it is injective on (0, 1) and linear on the segments between the
vertices of T'). Note that y is a contour and thus

[r= [r+][r+]r
Y 71 72 73

Theorem 3.3.1 (Goursat). Let U C C be open, f: U — C holomorphicand T C U a
triangle with boundary curve v : 1 — T. Then fvf =0.

Proof. Define Ty = T and ~yy = . For n > 1, we define triangles 7, by recursion:

We subdivide a given triangle 7, into four congruent triangles 7, 1,...,T, 4 of
equal size with respective boundary curves v, 1,...,Vn 4. Then

4
[r=x /s
Yn—1 =l Vn,i
We define T;, = T, x and 7, = Y, forak € {1,...,4} such that
JREY
Tnk Yn,i
forall i =1,...,4. Then there is a unique zg € T that is contained in 7}, for all n, and

Uy) = (3)" L) and  d(Tp) = (3)" d(To)
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where d(T,) := max{|z —w| | z,w € T} is the diameter of 7,,. We have

ne) = LAS@)_yg

Z—20 7—720

Then

/f = /(f(Zo)+f'(Z0)(Z—Zo)+h(z)(z—z())> dz.
n

Tn

Since f(z0) + f'(z0)(z — 20) is linear in z, it has a primitive, and thus its path integral
along -, is 0. Therefore

/f = /h(Z)(Z—zo) dz.

Tn Tn

We conclude that

e
7

[1| <@ fne-ala
Tn Yn

< 2%-d(Ty) - 2" £(7yn) - max{[(z)] | z € im(y,)}
< d(T)-l(y)-max{[h(z)| [z €im(7a)}  —> O

where we use that |z — 79| < d(7,,) and Proposition 2.2.4.(5) in the third inequality. We
conclude that | I f | =0 and thus J, f =0, as claimed. O

3.4 Primitives on discs

Definition 3.4.1. Let U C C be open and f : U — C a function. A primitive of f is a
holomorphic function F : U — C with F'(z) = f(z) forall z € U.

Theorem 3.4.2. Let D,(zo) be an open disc of radius r > 0 with center zy and f :

D,(z9) — C a holomorphic function. For every z € D,(zo) define the linear path

Yz - I — Dr(ZO)
t — z0+1t(z—2z0)-

Then the function
F: Dr(ZO) — C
— .

is a primitive of f.
Proof. We want to show that

lim F(z+h})l—F(z) 1),

h—0
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By Theorem 2.3.1, we have

Feem-F@) = [r=[r=[1
"z ¥

Yz+h

where 4 is the linear path from z to z + A:
Since f is continuous,

for fixed z. Since

and
. F h)—F 1 )
lim (e+ ]1 &) _ lim /(f(z)+g(W))dW = lim - f(2) = f(2),
o
as desired. ]

As a consequence, we can prove Cauchy’s integral theorem for discs at once.

Corollary 3.4.3. Let f : D,(z0) — C be holomorphic and ~y : I — D,(z9) a closed and
smooth path. Then fv f=0.

Proof. By Theorem 2.4.2, f has a primitive F'. By Proposition 2.2.4.(3),

[ = Fam)-Fe0) = o. s
Y
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3.5 Integrals along continuous paths

Idea. If a holomorphic function f : U — C has a primitive F : U — C, then f7 f=
F(v(1)) — F(~(0)) for a smooth path v : I — U. The right hand side of this equation
does not involve ~ at all and makes sense for arbitrary paths. By Theorem 2.4.2, we
know that holomorphic functions have primitives on discs. Our strategy to define the
path integral for arbitrary paths is to cover the path by open discs and use primitives for
each disc to define the integral piece by piece.

Lemma 3.5.1. Let U C C be open and ~ : I — U continuous. Then there are real
numbers 0 = ag < ... < a, = 1 and open discs Dy, ...,D, C U such that y(|a;—1,a;]) C
Difori=1,...,n.

Proof. Since U is open, there is for every ¢ € I an ¢, such that the open disc D, (y(¢))
with center v(¢) is contained in U, and im(7) is contained in the union of all discs
D, (7(t)) (for t ranging through all of I). Thus the collection of all V; = v~ (D, (y(1))
(for t € 1) is an open cover of I. By Lebesgue’s Lemma (Lemma 0.7.3), there is an

n € N such that for every i = 1,...,n, there exists a t; € I such that the interval [%,ﬁ
is contained in V;,. Thus the claim of the lemma holds for D; = D, (v(#;)) and a; = ﬁ
fori=1,...,n. [

Consider a holomorphic function f: U — C and a path v : I — U. By Lemma 2.5.1,
we find0=ag < ... <a,=1and opendiscs Dy,...,D, C U such that y([a;—1,a;]) C D;.
Let % := Y|4, ,.a)- By Theorem 2.4.2, f|p, : D; — C has a primitive F; for every
i=1,...,n.

If v is smooth, then we have

[1=Y% [1b = ¥ EG@) - FGe)
5y i=1 i i=1

by Proposition 2.2.4. The right hand side does not depend on ~y being smooth, so we
attempt to use this equation as a definition for fv f for an arbitrary path ~. The following
result verifies the independence from all involved choices.
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Definition 3.5.2. Let U C C be open, f : U — C holomorphic and v : I — U a path. Let
O=ap<...<a,=1, Dy,...,.D,CU, Fy,...,F, and 71,...,7, be as above. Then the
path integral of f along -y is

/f = ZF (ai)) — Fi(v(ai-1)).

Proposition 3.5.3. Let~v:I1— U, f:U — C, ag,...,an, D1,...,Dyand Fy,...,F, as in
Definition 2.5.2. Then the complex number

/f = ZF a, ’V(az—l))

does not depend on the choices of a;, D; and F;.

Proof. We aim to show that fv f has the same value for different choices of a;, D; and
F;. We consider such alternative choices step by step.

Step 1. Consider fixed 0 = ap < ... < a, = 1 and alternative choices of discs D, ..., D),
and primitives F{, ..., F, of the restriction of f to these discs. Let 7; : [a;—1,a;] — D;N D,
be a smooth path from z;_1 = y(a;—1) to z; = 7(a;) (e.g. a linear path). Then by
Proposition 2.2.4,

F/(zi) — F{ (zi-1) /f = Fi(zi) — Fi(zi-1)-

Thus

ZFZ’ le ZFZI le)

which shows that the definition of f7 f is independent from the choices of discs D; and
primitives F; once the a; are fixed.

Step 2. Let k € {1,...,n} and refine 0 = ap < ... < a, = 1 by a new element a; with
ak—1 < a), < ai. Let 7 := (ay), D}, := Dy and F} := Fy.. Then

Ya-1,4]) € D and  y([a.@l]) C Dy,
and F} is a primitive of f on D;. Therefore

/ f = F(z) — Fi(zx—1)

’7|[ak 1ak

= (Fi(z) = Fi(2h)) + (Fi(=) — Fi(2e1))

=/f+/f

“k 1 uk] fyl[ak a|
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In conclusion, | f does not change under refinements of 0 = ap < ... < a, = n.

Step 3. Given two sequences 0 =ap < ... <ap=1land0=by < ... < b, =1, we
can pass to a common refinement 0 =co < ... < ¢, = 1, i.e., {ag,...,an,bo,...,byu} C
{co,...,c+}. Let Fy;, Fp, ; and F, ; be primitives on suitable discs for these three sequences.
Since fw f is invariant under refinements by step 2, we get

D=
-

Foi(v(ai)) —Fai(y(ai-1)) = ) Fei(v(ci)) — Fei(v(ci-1))

1

~.
~.

((7(bi)) = Fpi(v(bi-1)),

~

)

I
™=
o

N
Il
—_

which shows that f7 f 1s independent of the choices of a;, D; and F;, as claimed. O]

Corollary 3.5.4. Let v :1 — U be a path, f : U — C holomorphic and 0 =ay < ... <
ay = 1 such that y(|a;—1,a;]) is contained in a disc D; C U fori=1,...,n. Let ¥; be the
linear path from y(a;—1) to y(a;). Then

[r - Zlff

Proof. Let F; be a primitive for f|p,. Then either side of the equation in the corollary
are equal to Y Fi(v(ai)) — Fi(v(ai-1)). m

Remark 3.5.5. All properties of Proposition 2.2.4 generalize to any (merely continuous)
path; cf. Exercise 2.8.8.
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3.6 Homotopies

Definition 3.6.1. Let U C C be open and g, : I — U paths. A homotopy from v to
v1 in U is a continuous map

H: Ix]I — U
(s,¢) — H(t)=H(s,1)

such that Hy = 79 and H; = v (as functions from / to U). If there is such a homotopy,
we say that yo and v, are homotopic in U and write 7y =~ 1.

s I,(I
T4

Theorem 3.6.2. Let U C C be open and f : U — C holomorphic. Let H : 1 x I — U be
continuous and ~y : I — U its boundary curve, i.e.,

H(0,41)  for0<t<1/4;
H(4t—1,1) for1/4<t<2/4
H(1,3—41) for2/4<t<3/4
H(4—41,0) for3/4<t<1.
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Proof. Since U is open, there is for every (s,7) € I x I an €(s,t) > 0 such that the open
disc D(;4)(H(s,t)) is contained in U. Thus I x I is equal to the union of all inverse
images V;, := H™! (DE(SJ) (H(s,r))) for varying (s,r) € I x I. By Lebesgue’s lemma
(Lemma 0.7.3), there is an n > 0 such that for all k,/ = 1,... n, there is an (s,7) € [ X I
such that I x I; C Vy, for [ := [k;l k], I = [ﬂ r%] Thus H (I x I;) is contained in

n'n n’?’

the open disc Dy ; := Dy (H (s,1)).

n T
g )
i ¥e,e
E (V] @)
:B'k,( \{L(
" 7
; 2
! Y&,&

> :

2 :

1 ]

1 & 3 n

Figure 3.1: The larger square (top right corner) is the enlarged version of one of the
smaller squares in the grid (eg. [0,1] x [0,1])

Define for k,l = 1,...,n the boundary paths 7,9 I — H(l xI) (fori=1,...,4) as

f (6) = H(SE R,
WD) = H= L,
v ) = H(E B,

y @) = H(k L

The concatenation of these paths form the boundary of H| LX)
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n Z
: )
i KL,(:
o)
Ea’k,: \{':t)
i a)
E Tue Il
> :
2 :
e -
1 2 3 n

Figure 3.2: Integrating over all the little square becomes the same as integrating over the
entire line around the unit square

Since H (I x I;) is contained in an open disc Dy ; and since f| Dy, has a primitive F /,
we have

frefoe [
715?1) (3)

(1) 3
Vi Vi1

[ £ = P EY) —FHELED) = o
oy
Together with the observations that

W == ad  AZ0-10) =Y ,0

for all eligible k and /, and that ~y is the concatenation of all paths of the forms

3.7 Cauchy’s integral theorem

Definition 3.7.1. Let U C C be open and g,7; : I — U paths. A homotopy from
to 71 in U relative to {0,1} is a homotopy H : I x I — U from 7 to v, in U such
that H(s,0) = v0(0) =~1(0) and H(s,1) =~0(1) =~1(1) for all s € I. If there is such
a homotopy, we say that vy and v, are homotopic in U relative to {0,1} and write
vo ~ 1 rel {0, 1}.
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Y1

Y", Yo (0 =X4(")=F
I

Figure 3.3: Definition 2.7.1

Note that necessarily we must have ~y(0) = v;(0) and vo(1) =7 (1) for 7o and ~;
to be homotopic relative to {0, 1}.

Theorem 3.7.2. Let U C C be open, f : U — C holomorphic and ~y,v, : I — U paths
that are homotopic in U relative to {0,1}. Then

[r=]r
% 7

Proof. Let H : I x I — U be a homotopy from 7 to 7 relative to {0, 1}. Let pg := 70(0)
and py :=o(1). Letcp, : 1 — U and cp, : I — U be the constant paths based on py and
p1, respectively. Then the boundary curve dH of H is equal to the concatenation of ),
Cpy» 7y and cpy.

Y1

"zﬁ v P
C
Cp,, P >
> R
¥e
IL

Figure 3.4: Theorem 2.7.2

Thus the claim of the theorem follows from

[r=[fr=[r+[r+[s+[r=[r=0
70 " 70 " Cpy JH

Cpl

where we use Example 2.2.3.(1) and Proposition 2.2.4.(6) for the first equality and
Theorem 2.6.2 for the third equality. [

Definition 3.7.3. Let U C C be open and 7o, ~; : I — U closed paths. A closed homotopy
from 7o to 7y in U is a homotopy H : I x I — U from 7y to -y in U such that H(s,0) =
H(s,1) for all s € I. If there is such a homotopy, we say that o and 7y, are closed
homotopic in U.
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¥4

H

1ol “ﬁ ’

<)

Figure 3.5: Definition 2.7.3

Theorem 3.7.4 (Cauchy’s integral theorem, version 1). Let U C C be open, f:U — C
holomorphic and ~o,v1 : I — U closed paths that are closed homotopic. Then

1= [
Y0 71

Proof. LetH : I x I — U be a closed homotopy from 7 to v, and §(s) = H (s, 1). Then

d(s) = H(s,0), and the boundary curve dH is equal to the concatenation of o, 6, 7,
and 0.

¥
= =
¥

ol Mﬁ ’
S
5 d

¥
IL

Figure 3.6: Proof of Theorem 2.7.4

Thus the claim of the theorem follows from
[r=fr=[r+[r+[r+[r=[r=0
Y0 M Y0 g vy o oH

where we use Proposition 2.2.4.(6) for the first equality and Theorem 2.6.2 for the third
equality. ]

Definition 3.7.5. Let U C C be open. A closed path v : I — U is contractible in U if it
is closed homotopic in U to a constant path.

Theorem 3.7.6 (Cauchy’s integral theorem, version 2). Let U C C be open, f:U — C
holomorphic and ~ : I — U a contractible closed path. Then fv f=0.
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Proof. Since 7 is contractible, it is closed homotopic to a constant path ¢ : I — U. By
Theorem 2.7.4 and Example 2.2.3.(1), we have [ f = [. f=0. O

Definition 3.7.7. A domain is an open subset U C C that is path-connected. A domain
U C Cis simply connected if every closed path v : I — U is contractible in U.

Figure 3.7: Simply connected domain

Theorem 3.7.8 (Cauchy’s integral theorem, version 3). Let U C C be a simply connected
domain, f : U — C holomorphic and v : I — U a closed path. Then f7 f=0.

Proof. Since U is simply connected, - is contractible. Thus the result follows at once
from Theorem 2.7.6. [

3.8 Exercises

Exercise 3.8.1. Compute the path integral of f(z) = z and of g(x+iy) = x — iy over the
closed “triangular” path from O to 1 toi to 0.

Exercise 3.8.2. Let U C C be an open subset and f : U — C holomorphic. Show that
the following are equivalent:

(1) f 1s constant on discs in U.
(2) f(z)— f(a) e Rif z,a € D,(w) for an open disc D,(w) that is contained in U.
(3) f'(a)=0forallaeU.

Exercise 3.8.3. Lety = {3¢" | € [0,3]}. Find an N € R such that

1
—dz| < N.
/z2+z+1 =
v

Exercise 3.8.4. Let U be an open subset of C and f: U — C a polynomial function.
Let v be a closed path. Show that f,yf =0.
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Exercise 3.8.5. LetU = C\ {—1,1} and f: U — C analytic. Assume that [, f=—1
and [, f = 2mifor v : [0,1] = U with 7, (r) = 14+ €™ and 73(r) = —1 + €*™. Make
an illustration of ; and ~,, as well as:

73 [071] — C, . V4 - [071] — C .
o — Q4264 o 2i4 24
and
Y5 . [0,1] — C

t {—1+e4ﬂif for 0 <t < 1/2;

14e*™i=im for 1/2 <t < 1.

Compute f% f fori=3,4,5. Find a function f for which the integrals of this exercise
assume the given values.

Exercise 3.8.6. Show that the following open and connected subsets U of C are simply
connected:

C, an open disc D,(Zy), a star shaped domain.

Show that the “punctured disc” D?(z9) = Dr(20) \ {z0} is not simply connected.

Exercise 3.8.7. Let v : I — U be a closed and contractible path in U with zo = 7(0) =
v(1) and ¢, : I — U the constant path with ¢, (¢) = zo for all # € I. Show that there
is a closed homotopy H : I x I — U from 7 to ¢, in U relative to {0,1}, i.e. Hg(0) =
H(1) = H(t) = zo for all s,¢ € I.

Exercise 3.8.8. Prove that all claims of Proposition 2.2.4 also hold if the path v : 1 — C
is (a) piecewise smooth and (b) continuous. This is:

Let U C C be open, f:U — C piecewise smooth (or merely continuous) and
v : [a,b] — U a path. Then

(1) fvf is C-linear in f.
(2) Fora=ap<...<a,=band~; = 7|[ai71,ai]’

Jr=x[r
v =1,
(3) If f = F’ for a holomorphic function F : U — C, then
1 = Fom)—Fo@),

(4) Let «: [c,d] — [a,b] be continuously differentiable with «(¢) = a and «(d) = b.

Then
[r-fr
v

Yoo
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®)
[r] <t maiir@ e ime).
J

(6) Let~y™ :[a,b] = U be defined by v~ (t) = y(a+b—1t). Then






Chapter 4

Analytic functions

4.1 Cauchy’s integral formula

Recall that C(z) : I — C is the circle of radius r around z, given by C,(z)(t) = z+ re*™".
We denote by D,(z) = {w € C | |w—z| < r} the closed disc of radius r with center z,
which is the closure of the open disc D,(z).

Theorem 4.1.1 (Cauchy’s integral formula). Let U C C be open and f : U — C holo-
morphic. Consider a closed disc D,(zo) C U for some r > 0 and zo € U and z € D,(z0).

Then
fo) = = [ LW g,

27 w—Z
Cr (ZO)

w—

circular path Cc(z) is contained in U \ {z} and closed homotopic to C,(zo) in U \ {z}.

Proof. The function JLWZ) is holomorphic in w € U \ {z}. For 0 < € < r — |z —zo|, the

By Cauchy’s integral theorem (Theorem 2.7.4), we have

&dw: de: de+ ﬁdw.
v aé) B /

w—2 w—=2 w—=2
Cr(20) Ce(2) Ce(2)

51
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Since lim,,_,, £ (WVZ:{ @ — #'(w), we have
fw)—f(z)

w—2z

‘ fw) - f(z)

dw‘ < 27re-max{‘
w—2z

e—0

’ ‘weim(Ce(z))} 0.

and since the integral is independent of €, we conclude that fce(z) % dw = 0. Thus

I g = [ L = ) [ Law = 2ri g0

w—2Z2 w—2Z2
Cr(20) Ce(2) Ce(0)

where we use u = w — z in the second equality (note that 2 a = 1) and Example 2.2.3.(3)
in the third equality. Dividing both sides by 2i yields the result. ]

Example 4.1.2. We can use Cauchy’s integral formula to compute path integrals, such
as

/ C _dw = f( ) dw = 27i- f(z) = 2ri-e,
w—1 —2
G2(0) Cz(O)

where we use f(w) =¢" and z = 1.

Corollary 4.1.3 (mean value principle). Let U C C be open, [ : U — C holomorphic
and D,(z) C U for some r > 0 and z € U. Then

27
1
flz) = %-/f(z+re ) dt
0

Proof. By Cauchy’s integral formula (Theorem 3.1.1),

f<z>=i.. de

27 w—7

1 )
= — /f 2t re! 1re” dt
el[

1 it
= §~/f(z—{—re )d[
0

where we use Proposition 2.2.4.(4) with respect to the bijection « : [0,27] — [0, 1] with
a(t) = 5- and substitute w = z+ re” in the second equality (note that 5* aw =ire"). [
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4.2 The maximum modulus principle

Lemma 4.2.1. Let f : D,(z) — C be holomorphic where r > 0 and z € C. If | f(w)| <
|f(2)| for all w € D,(z), then | f(w)| is constant (and equal to |f(z)|) for w € D,(z).

Proof. By the mean value principle (Corollary 3.1.3) and Proposition 2.2.4.(5), we have
for any 0 < s < r that

27T 27,‘_
1 : 1 .
‘f(z)‘ = 50 /f(Z-f—se’t) dt| < %/‘f(z—i—se”){dt
0 0

< %'ZW-maX{|f(Z+seit)||O<f<27T} < |f(z)].

We conclude that all inequalities are equalities and that

2

[ £+ s dr = 2m-11(2).

0

Since |f(z+se™)| is continuous in ¢ and has values in [0, |f(z)[], the previous equality
implies that |f(z+se")| = | f(z)| for all € [0,27] (cf. Exercise 3.7.1).

[ 2 | f(=))
FECR .
L / /i A — 1f(2+52")
T (lpCersdty|de
5 ™

Since every w € D,(z) \ {z} is of the form w = z+ se” for some s € (0,r) and
t € [0,27], the result follows. O

Theorem 4.2.2 (maximum modulus principle). Let K C C be compact and f : K — C
a continuous function whose restriction to the interior of K is holomorphic. Then the
function
Ifl: K — R
z — @)

assumes its maximum on the boundary of K, i.e., there is a w in the boundary of K such
that |f(z)| < |f(w)| forall zin K.
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Proof. As the composition of two continuous functions, f and |- |, the function |f]| :
K — R is continuous. Since K is compact, | f| assumes its maximum on K, i.e., there is
a zo € K such that |f(z)| < |f(z0)| = M for all z € K; cf. Lemma 0.7.2.

Let 0K be the boundary of K and K := |f|~!(M). Both subsets are closed since

K\ K and {M} are closed. They are bounded as subsets of K, and therefore compact.
Thus the Cartesian product dK x K is compact and the function

d: OKxK — R
(wz) > |w—¢

assumes its minimum in some point (wg,Zp) € dK X K (again, cf. Lemma 0.7.2).

If |wog — Zo| > 0, then we have for all sufficiently small € > 0 and z € D.(z9) C K
that |f(z)| < |f(z0)| = M. By Lemma 3.2.1, |f(z)| = | f(z0)| for all D¢(zp) and thus
lwo — z| < |[wo — Zp| for some z € D¢(Zp), which is a contradiction since we assumed that
the minimum of d was attained at (wp, Zp).

We conclude that |[wg — Zp| = 0, i.e., | f| assumes its maximum in Zp = wo € JK. [

4.3 Analytic functions

Definition 4.3.1. Let zg € C. A power series around 7 is an expression of the form

[}

Y, an-(z—z0)"

n=0
with ag,ay,... € C.

Theorem 4.3.2 (Cauchy-Hadamard, version 2). Let Y a,(z —20)" be a power series
around 7o € C and
1

r= ——
limsup |a,|»
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its radius of convergence. Then Y a,(z—zo)" converges absolutely for all z € D,(zo)
and defines a holomorphic function

f: Dr(Z()) — C
2z — Yau(z—z)"

with derivative

(o)

fl@) = ) (n+1)-ans1-(z—2)"

n=0
for z € Dy(z0). In particular, the radius of convergence of Y.(n+ 1)a,+1(z—z0)" is r.

Proof. This follows from Theorem 1.3.4 and Theorem 1.3.7 if we substitute z — zg by
w. [

In the following, we briefly write that

f: Dr(ZO) — C
Z — Yan(z—2z0)"

is holomorphic, by which we mean that }" a,(z — z9)" converges for all z € D,(zo). We
denote the n-th derivative of a sufficiently complex differentiable function f : U — C in
Z0 by

dn

f(n) (z0) = i

f(z0)-

Corollary 4.3.3. Let
f : Dr(ZO) — C
7z > Yan(z—2z0)"
be holomorphic. Then f is arbitrarily often complex differentiable (in all z in D,(zo))
and

Proof. A repeated application of Theorem 3.3.2 yields

(o]

n=k
where we apply the usual convention that 0"~ = 0 for n —k > 0 and 0° = 1. This shows
that f is arbitrarily often complex differentiable. Dividing both sides by k! proves the
second part of the claim. ]

Definition 4.3.4. Let U C C be open. An analytic function in U is a function f : U — C
that is arbitrarily often complex differentiable such that for every zg € U, there is an
r > 0 such that D,(z9) C U and

z—20)"

o r(n)
e = Y

for every z € D,(z9). In particular, this assumes that the right hand side of this equation
converges, which is called the Taylor expansion of f at z.
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Example 4.3.5. Let U = C\ {1} and f : U — C be given by f(z) = IL_Z Since f(z) is
the multiplicative inverse of (1 — z) and since the Cauchy product (1 —z)-Y 7" equals 1,
we conclude that the Taylor expansion of f at zop = 0 is the geometric series

We know already that it converges on the unit disc D;(0). In particular this means f
restricted to D (0) is analytic.

4.4 Holomorphic functions are analytic

In this section, we show that holomorphic functions are analytic. In a critical step in
the proof, we need to exchange a limit with an integral, which requires the uniform
convergence of a sequence of functions. We provide the necessary background on this
before we turn to the central theorem of this section.

Definition 4.4.1. Let A C C be a subset, {f, : A — C},cn a sequence of functions and
f A — C afunction. The sequence {f,} converges uniformly to f if for every ¢ > 0,
there isan N > O such thatforallz€ Aandn > N,

1f(2) = ful2)] < e
We write f, = f if {f,} converges uniformly to f.

Lemma 4.4.2. Let v : [0, 1] — C be a path with image I and { f,, : T' — C},cn a sequence
of continuous functions that converges uniformly to a continuous function f : T — C.

Then
lim fn = / f.
n—soo
¥

v

Proof. Since f,, = f, there is for every e > 0 an N > 0 such that | f,(z) — f(z)| < € for
all ze I"and all n > N. Using Proposition 2.2.4.(5), we derive

‘!f—fﬁ

Since £(7) is fixed, this implies that lim;,_c fv fu= fv f, as desired. O

< [ 110 -] dz < t3)-e
v

Theorem 4.4.3. Let v : I — C be a path with image I" and h : I" — C continuous. Then
the function f : C\I' — C defined by

ﬂ@::/ﬁﬁidw

w—z
v
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is analytic with n-th derivative

- /W Zn+1
v

forze C\T.

Proof. Since U := C\ I is open, there is for every zo € U an r > 0 such that D,(z9) C U.

Fix such zgp and r > 0. For w € T" and z € D,(z9), we define ¢ := =2 which has

w—z0’
absolute value
g = 2=

lw — 20|

- r

. . n 1 . .
Thus the geometric series ) ¢"* converges to 3 which gives us

1 1 S G . N
w—z  (w—z0)—(z—20) w—2z0 1—q¢  w—2 74 '

Next we define the functions

where w € I', N € N and where we consider zg and z as fixed constants. Let M :=
max{|h(w)| | w € T’} and g := =2l ZO' , which is a real number with |g| < go < 1. Thus

h(w s
[ Seo(w) = Sy (w)| = ‘ w(—Z)o . —%’H !
|A(w)] 3

N
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where the first inequality is the triangle inequality and the second inequality follows
from |g| < go-. Since the the last line of these equations does not depend on w anymore,
the convergence is uniform in w, i.e., Sy (W) = Se(w). Therefore

f<z>=/fffldw=/(i i) -q”)dw

n=0 W20

where we apply Lemma 3.4.2 in order to exchange the infinite sum with the integral in
the third equality. The last expression is a power series around zg with coefficients

. h(w) _
a, = /W dw;
¥

since it equals f(z), this power series converges for z € D,(zg). This shows that f is
analytic (recall that zg was chosen arbitrarily). By Corollary 3.3.3, the n-th derivative of

fis

h
" (z0) = nl-a, = n!-/# dw,
8!

as claimed. ]

Theorem 4.4.4. Let U C C be open and f : U — C holomorphic. Then f is analytic

e | )
mey - M _JW
i (Z) = 2 (/) (W—Z)”H dw
Cr(z0

whenever z € D,(z0) and D,(z0) C U.

Proof. By Cauchy’s integral formula (Theorem 3.1.1), we have

1 (w)
f(Z)—%' —w—de
Cr(ZO)

if z € D,(z9) and D,(z9) C U. Theorem 3.4.3 applied to the function h(w) := J;(;Vl)
verifies that f is analytic and that

f(n)(Z) _ n! . / ( f(W) dw

2 w—z)ntl
Cr(ZO)

as claimed. ]
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Corollary 4.4.5 (Taylor expansion). Let U C C be open, zog € U and r > 0 such that
D,(z0) CU. Let f : U — C be holomorphic and set a,, := %f(”) (z0). Then

f@) = Y anle—20)"
n=0

for all z € Dy(z9). In particular, Y. a,(z —z0)" converges for all 7 € D,(z).

Proof. Let z € D,(z0). Then there is an s > 0 such that z € Dy(z0) and Ds(z9) C U. By
Cauchy’s integral formula (Theorem 3.1.1), we have

1@ = 5m - [ g

27i w—2z
Cs(20)
-y f() .
a r;) ( 27i- (W — Z())n+l dw (Z ZO)
Cs(20)
= Z ay - (Z _ Zo)n

n=0

where we use the uniform convergence of the geometric sequence in g = % (as
established in the proof of Theorem 3.4.3) in the second equality and the identification

f(w)
27 - (w—zo)"t1
Cs(z0)

1
dw = —f" () = a,

(from Theorem 3.4.4) in the third equality. This establishes the desired equality f(z) =
Y a,(z—2z0)" and shows that the power series converges for all z € D,(z). ]

4.5 Liouville’s theorem

Definition 4.5.1. Let U C C. A function f : U — C is bounded if there exists a bound
M € R such that |f(z)| <M forallz € U.

Theorem 4.5.2 (Liouville). Every bounded entire function is constant.

Proof. Let f: C — C be bounded and entire with |f(z)| < M for all z € C. By Corol-
lary 3.4.5,

()
0 ,

n!

flz) = io

for all z € C. By Theorem 3.4.4 and Proposition 2.2.4.(5), we have for all r > 0 and
n > 1 that

EAREE

27i w—0)rtl
C+(0)
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o UGO) = 0

it N o0

~

where we use that |w| = r since w € im(C,(0)) for the first inequality. We use £(C(0)) =
27 - r in the last equality. This shows that

f(2) = f(0)+0-2+0-2+--- = f(0),
1.e. f is constant. 0
We mention the following complementary result without proof.

Theorem 4.5.3 (Little Picard theorem). The image of a non-constant entire function is
either C or C\ {b} for some b € C.

4.6 The fundamental theorem of algebra

Theorem 4.6.1 (Fundamental Theorem of Algebra). Let f = Zzzo anz" be a complex
polynomial of degree d, i.e., ag,...,ag € Cand ag # 0. Ifd > 0, then f has a zero z,
i.e., f(Z()) =0.

Proof. Assume that f(z) # 0 for all z € C. Then % : C — Cis entire. Then there is an
r > 0 such that for |z| > r, we have

laal |2l > laol = |f(0)].

| =

If(@)] =

Thus |%(z)| < |%(O)| for |z| > r. Since D,(0) is compact, the set {%(z) | |z| <r}is
compact and thus bounded. In conclusion, ch is bounded and therefore constant by

Liouville’s theorem (Theorem 3.5.2). This shows that f(z) = ag has degree d = 0. It
follows by contraposition that d > 0 implies that f has a zero. In conclusion, every
polynomial of positive degree has a zero. [

Corollary 4.6.2. Let f = ZZ:O an?"* be a complex polynomial of degree d. Then there
are ci,...,cq € C such that

d
f=ai[]z—c)
i=1

Proof. The proof is left as an exercise; cf. Exercise 3.7.6. ]

4.7 Exercises

Exercise 4.7.1. Let f : [a,b] — [0,c] a continuous function where @ < b and 0 < c.
Assume that fff(t) dt = (b—a)-c. Show that f(t) = c for all 7 € [a,b].
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Insert an illustration

Exercise 4.7.2.
Show that polynomials are analytic functions.

Exercise 4.7.3.
Compute the Taylor expansions of f(z) =1/(1 —z)atz=1+iandz=1—1i.

Exercise 4.7.4.
Let A C C be a subset. Let { f,, : A — C},c be a sequence of continuous functions that
converges pointwise on A to f: A — C (i.e. for all ¢ > 0 and z € A thereisan N > 0
such that | f(z) — fu(z)| < e for all n > N).

(1) Show that f is uniquely determined as the (pointwise) limit of {f,}.

(2) Show that f is continuous if f;,, converges uniformly to f.

(3) Give an example of continuous functions f,, : A — C that converge pointwise to a

non-continuous function f: A — C.

Exercise 4.7.5.

Compute the Taylor expansion Y a,(z—1)" of g(z) = ¢* — e at z =1 and show that
g2(z) =Yan(z—1)" for all z € C. Show that f: C\ {1} — C with f(z) = g(z)/(1 —2)
extends to a holomorphic function f : C — C. Conclude that

for all z € C and, in particular, that the right hand side converges for all z € C.
Exercise 4.7.6. Let f =) a,7" be a polynomial of of degree d.

(1) Let ¢ € C be a zero of f. Show that there is a polynomial g =} b,7" of degree
d — 1 such that f(z) = (z—c¢)-g(z) forall z € C.

Hint: This follows because the Taylor expansion of f at ¢ is of degree d (why?)
and has constant coefficient O (why?).

(2) Conclude that there are cy,...,c; € C such that

d
f(z) = aq - H(Z—Ci)

for all z € C. Show further that ¢y, ...,c; are uniquely determined up to a permu-
tation of indices.






Chapter 5

Residues

Motivation. The central result of this chapter is Cauchy’s residue theorem, which iden-
tifies the path integral of a holomorphic function along a path with an easily computable
expression. Under simplified hypotheses, the residue theorem reads as the following.

Let U C Cbeopen, y:I — U apath and f: U — C be holomorphic. Assume that
there is an r > 0 such that im~y C D,(0) and such that D,(0) \ U is finite. Then

/ f = 2ri W (7,¢) - Rese(f)

ceD,( O)\U

where the elements of D,(0) \ U are isolated singularities of f, W (~,c) is the winding
number of v around ¢ (which counts the number of times that ~y circles around ¢ in
counter-clockwise direction) and Res.(f) is the residue of f at a, which equals the
coefficient a_; of the Laurent expansion f =Y ,-__ . a,(z—c)" of f about c.

We will introduce all of these notions in the upcoming sections.

5.1 Singularities

Motivation. We study the behaviour of the functions

e —1 1 1

filz) = : L) = -, f3(2) = e
z z
when z — 0:
(1) We have
1 oo Zn =)

= . R | = 1

fi(2) z <n0 n! ) g’ n+1 zj(;

which means that f; extends to holomorphic function f; : C — C with value
f1(0) =1. (removable singularity)

63
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(2) We have
1
= —_— — 0,
‘fZ(Z)‘ ’Z| 20
(pole)
(3)
&___
Rrami , Y
Um (4)
BowtialagZ IS 5
stup
A
% 4
AN <
‘ . L A %
xp(d) = C*

Figure 5.1: Essential singularity where a point passing through a pole at zero makes the
limit be mapped into a horizontal strip of same color

Thus f3(D,\ {0}) = C* for all r > 0. (essential singularity)
Definition 5.1.1. Let a € C and r > 0. The punctured disc of radius r around a is
Dy(a) == {z€C|0<|z—da| <r}=D.(a)\{a}.

Let U C C be open with D} C U and f: U — C a nontrivial holomorphic function
(i.e. f is not constant zero). The order of f in a is

ord,(f) := sup{ me7Z

there is a holomorphic 4 : D,(a) — C such
that f(z) = (z—a)"h(z) forallz€ D%(a) |’
which is, by definition, equal to —oo if the set is empty.

We call a a zero (of order n) of f if a € U and if n = ord,(f) is positive.

We call a an (isolated) singularity of f if a ¢ U. In this case, a is

* a removable singularity if ord,(f) > 0;

* apole (of order n) if —eo < ord,(f) =—n <0;

* an essential singularity if ord,(f) = —ce.
We say that f extends analytically to a if there is a holomorphic function 4 : D,(a) — C
such that h(z) = f(z) for all z € D?(a).

More generally, let U C V C C be open subsets of C and f : U — C a holomorphic

function. We say that f extends analytically to V if there is a holomorphic function
h:V — C such that f = h|y.
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Remark 5.1.2.
(1) If f(z) = (z—a)"h(z) for z € D?(a), m € Z and holomorphic % : D,(a) — C with
h(a) # 0, then ord,(f) = m.
(2) The order satisfies

Orda(f'g) = 0rda<f)+0rda<g);

ord, (%) = —ord,(f);

ordy(f +g) > min{ordy(f), orda(g)};

cf. Exercise 4.8.1.

(3) Ifae U, then ord,(f) > 0and f(z) =Y~ yan(z—a)" for z € D,(a). In this case,
ord,(f) > 0if and only if f(a) = 0.

(4) If a ¢ U, then a is a removable singularity if and only if f extends analytically to

a.
Example 5.1.3.
(1) Letb € C*. Then
f: ¢ — C
z +— b

has ordy(f) = 0 and z = 0 is a removable singularity.

(2) The function f(z) = z" has ordy(f) = n. More generally, a power series f(z) =
Yo ganZ" (with positive radius of convergence) has order ordy(f) = min{i € Z |
a; 75 0}.

(3) Letuy,...,uq,v1,...,v. € C be pairwise distinct and dy,...,04,€1,...,€6 € Z>1.
Then the rational function

d 0;
: —u; )%
flo) = Tz
i1 (z—vi)si
has zeros u; of order ¢; = ord,,(f) and poles v; of order ¢; = —ord,, (f).

Theorem 5.1.4 (Riemann’s theorem on removable singularities). Let U C C be open,
f U — C holomorphic, a € C a singularity of f and D?(a) CU. If f
then a is a removable singularity of f.

Ds(a) IS bounded,

Proof. By replacing the variable z by Z = z — a, we can assume that a = 0 for simplicity.
Define i : D,(0) — C as h(z) := z2f(z) for z # 0 and h(0) := 0. Then % is complex
differentiable on D?(0), and
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where we use that f is bounded in the last equality. This shows that 4 : D,(0) — C is
holomorphic and thus equal to a power series A(z) = Y. a,z" on D,(0). Since h(0) =0
and ' (0) = 0, we have ap = 0 and a; = 0. So f is equal to the power series

f(Z) = h(Z) = ar»+azz+---

N,| =

on D?(0), which has order ordy(f) > 0. Therefore a = 0 is a removable singularity. [

Proposition 5.1.5. Let U C C be open and f : U — C holomorphic with pole a. Then

lim [£()] = e
Proof. If a is a pole of order |m| (where m = ord,(f) < 0), then f(z) = (z—a)™h(z) for
a holomorphic function /4 : D,(a) — C with h(a) # 0 for a sufficiently small punctured
disc Dy (a) C U. Thus

|m|
nmmmzmwwymﬂw:m@ym( 1) o

7—a —a 7—a | 7 — a|
as claimed. OJ

Theorem 5.1.6 (Casaroti-Weierstrass). Let f : D?(a) — C be holomorphic with essential
singularity a € C. Then f(D}(a)) is dense in C.

Proof. We aim to lead the assumption f(D?(a)) # C to a contradiction. If there is a

b e C\ f(D2(a)), then there is an s > 0 such that Ds(b) N f(D?(a)) = @. Thus the
function g : D?(a) — C defined by

is holomorphic and bounded by % By Riemann’s theorem on removable singularities
(Theorem 4.1.4), g extends analytically to D,(a). In consequence,

has order
1
ord,(f) > min{ord, <§) , ord,(b)} = min{—ord,(g),0} > —oo,

which is a contradiction to our assumption that a is essential. We conclude that
f(D3(a) = C. 0

In fact, the image f(D?(a)) of a punctured disc around an essential singularity a is
characterized more accurately by the following strengthening of Theorem 4.1.6, which
we state without proof.
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Theorem 5.1.7 (Great Picard theorem). Let f : Dy (a) — C be holomorphic with essen-
tial singularity a. Then f(D?(a)) is either C or C\ {b} for some b € C.

Conclusion. A singularity a of f is

removable <= f extends analytically to a;
apole <<= lim|f(z)] = oo
Z—a

essential <= f(D}(a)) is dense in C.

5.2 Laurent expansions

Definition 5.2.1. A Laurent series (about ¢ € C) is an expression of the form

[eS) —1 )

Z an(z—c)' = Z an(z—c)" + Zan(z—c)”

Nn——oo n=—oo n=0
. ~~ - —/_/
(principal part) (regular part)

with a, € C for n € Z. The regular part Y~ a,(z—c)" of f is also called analytic
part and secondary part. A Laurent series Y . a,(z— c)" converges (absolutely) at
z € C if both principal and regular parts converge (absolutely) (where we consider the
principal part as a series in —n).
Let0 <s<r<oandccC. The set
Anng,(c) == {zeC|s<|z—c| <r}

is called an (open) annulus (with center c).

Figure 5.2: Annulus is the darker shaded area

Remark 5.2.2. (1) D}(a) = Anng ,(a).
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(2) Let Y a,(z—c)" be a Laurent series whose principal part has radius of conver-
gence s~ ! = (limsup {/[a_,|) ~! (for n > 1) and whose regular part has radius of
convergence r = (limsup {/|ay|) ! Then

« the principal part ¥, 1 a,(z— c)" converges absolutely for |z—c| ™! < s71;
* the regular part ), a,(z—c)" converges absolutely for [z —c| < r.

Thus if s < r, then the Laurent series Y. a,(z—c)" converges absolutely for
all z € Anng ,(a).

Example 5.2.3. (1) The Laurent series z~ ! has s = 0 (where s~! = oo is the radius of
convergence of the principal part z~!') and radius of convergence r = oo for the
regular part 0, thus z~! converges absolutely on Anng ., (0) = C*.

(2) The Laurent series

has s = 1 = 0 and r = o, and thus converges absolutely on Anng ..(0) = C*.

(3) The Laurent series

—1 ) oo 7"
E:: Z + ’22% EE;

N=—o0

has s = 1 and r = 2, and thus converges on Annj »(0).

Theorem 5.2.4 (Laurent expansion on annuli). Let 0 < s <t <r <o andc € C. Let
f + Anng (c) = C be holomorphic and define

forn € Z. Then
f@) =), an(z—c)"

n——oo

for all z € Anng »(c). In particular, the right hand side converges for all z € Anng ,(c).

Remark 5.2.5. Before we turn to the proof of the theorem, let us observe that if f

extends analytically to D,(c), then Cauchy’s integral theorem (Theorem 2.7.8) implies
that forn < —1,

an = 7— / f(z) - (z—c)‘”‘_1 dz = 0.

Gi(c)

Thus f(z) =Y.~ yan(z—c)" agrees with the Taylor expansion in this case.
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Proof. Consider z € Anny ,(c) and g = Cc(z) with im~y C Anny ,(c).

Then ~ is closed homotopic in Anny ,(c) to y; = Cp(c) +5 +Cy(c)” +7~ where
|z—c|+e<r¥ <rands<s' <|z—c|—eand# is alinear path from ¢+ 7 to ¢+, as
illustrated above. Thus

1
10 = 55 [ 4w
Y0
1 f(w)
o) we
M
1 f(w) f(w) Jf(w) f(w)
_ﬁ( ()w——zd +/w—zd B {) w—zdw_/w—zdw>
Cy(c vy Cy(c Y
= L ( f(w) dw — flw) dw)
2mi w—2z w—2z
C,(c) Cy(c)

where the first equality follows from Cauchy’s integral formula (Theorem 3.1.1) and
the second equality follows from Cauchy’s integral theorem (Theorem 2.7.4). As in the
proof of Theorem 3.4.3, we compute

C(c) C(c) w—e
- fw) = (z—c
S R G
Cu(c)
- fw n
() ) o
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where =< € D (0) for w € imC,(c) and therefore Y7 (£=£)" converges absolutely,

which allows us to exchange the integral and summation by Lemma 3.4.2. Since
J(w)

(ch)rH»l
closed homotopies, Theorem 2.7.4) to exchange C,(c) by C;(c) without changing the
value of the path integral in the third equality.

Similarly we have

B (W>dw:/f(w)- LI

is defined for all w € Ann, ,(c), we can use Cauchy’s integral theorem (for

w—z2 z—c 1—W__f
Cy(c) Cylc) ¢
RO
z—c = \z—c
Cy(c)
o (w—c)™"
- Ci(c)

since 7= € D1(0) for w € imCy(c), and where we use exchange n by —(n+ 1) in the

fourth equality. Putting the regular and principal part together yields

flz) = 2%“ (C/(C) v{/(ivi dw — / v{/(ivl dw) = i an(z—c)",

Cy(e) .

as claimed. In particular, this shows that ) a,(z—c)" converges for all z € Ann ,(c). O

Definition 5.2.6. Let U C C be open, f : U — C holomorphic, c € C, 0 <t < r and
D?(c) CU. Then f(z) = Y,,czan(z—c)" with

_ fw)
= o / (w—c)ntl dw
Ci(c)

is called the Laurent expansion of f at c.

Remark 5.2.7. (1) The equality f(z) = Y a,(z—c)" for z € Anny,(c) (as in Theo-
rem 4.2.4) determines the coefficients a, uniquely; cf. Exercise 4.8.5.

(2) The Laurent expansions of Theorem 4.2.4 of the same function can differ for annuli
Anng ,(c) and Anny /(c) with empty intersection Anny ,(c) N Anny (c) = @. For
example,

(o)

1
- L

n=0
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for z € D}(0) = Anng 1 (0), and

Ll R () Y e

for z € Annj (0).

Proposition 5.2.8. Let c € C, r > 0 and f : D} (c) — C be a nontrivial holomorphic
function with Laurent expansion f(z) =Y a,(z—c)" at c. Then

ord.(f) = inf{n € Z | a, # 0}.

Proof. If m = ord.(f) # —oo, then

f@) = @=)"Y az—c)" = Y, an(z—c)"
n=0 n=m
for z € D?(c) and G,,—,, = a, where a,, = do # 0. Thus
ord.(f) = m = inf{n € Z| a, # 0},

as claimed.
If ord.(f) = —oo, then there is no m € Z such that

M) = =) " Y anle—e)"

extends analytically to c¢. Thus

ord.(f) = —oo = inf{n €Z|a, # 0}. O

5.3 Residues

Definition 5.3.1. Let U C C be open, f : U — C holomorphic, Dy (c) C U (for some
r>0andc e C)and f(z) =Y a,(z—c)" the Laurent expansion of f at c. The residue

of fatcis
Res.f = a_;.

Remark 5.3.2. The relevance of the residue becomes apparent in the formula
/f = 2mi - Res. f
Ct (C)
for 0 < t < r, which follows at once from the definition of the residue and Theorem 4.2.4.

We study some methods to compute the residue: First of all note that if ¢ € U, then
Y a,(z—c)" is a power series and thus Res, f = 0. If ¢ is a pole, then we can compute
the residue in terms of derivatives as follows.
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Lemma 5.3.3. Let U C C be open, f : U — C holomorphic and D}(c) C U. Assume
that c is a pole of f of order m > 1. Then

1 dm—l
(m—1)!  dzn!

Res, f = [(Z —o)" f (Z)}

=cC

Proof. By Proposition 4.2.8, —m is the index of the smallest non-vanishing coefficient
a_p # 0 of the Laurent expansion f(z) = Y. a,(z —c¢)" of f at c¢. Thus

(z=0)" f(2) = aem + a—pyi(z—c) + -+ asi(z—¢)" 7 4 -

has derivative

dmfl
dzm—l

[(Z—c)mf(z)] = (m—1)! a1 = (m—1)! - Res.f

z=c

atz =c. OJ

Remark 5.3.4. In fact, the same reasoning applies to any other coefficient of the Laurent
expansion of f at ¢, under the assumption that —m = ord.(f) # —oo (cf. Exercise 4.8.7).
Then we have

1 dm+k

(m+k)!  dgmk

=0y ()]

ay =
7=c

for k > —m.
Example 5.3.5. The rational function f: C\ {0,1} — C with

1

f(Z):m

has ordg(f) = —2 and ord;(f) = —1. By Lemma 4.3.3, we have

_ b ody g1
Reol =11 & {(Z 0 ZZ(Z—I)L_

and

Thus by Remark 4.3.2, we have

/ f = —2ni and / f = 2mi.

Cy/2(0) Cia(1)
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5.4 The residue theorem

Definition 5.4.1. Let v : I — C be a closed path and ¢ € C\ im~. The winding number
of v around c is

W(~,c) L/ ! dw.

2 w—c
Y

Example 5.4.2. Let y; : I — C (for i = 1,2) be given by ; (t) = ™" and 7, (t) = e *™":

Figure 5.3: Since 2 moves in the opposite direction than v, the winding number around
0 is negative

Then
W(,0) = 1, W(,2) =0 and W(v,0) = —2.
Remark 5.4.3. The winding number satisfies the following properties:

(0) If ~y is a constant path, then W(y,c¢) = 0 for any ¢ € C\ im~.

(1) The winding number is an integer W (~y,c) € Z for any v :I — C and c € C\ im~.

(2) If v~ is the inverse path to v (defined by v~ (¢) = (1 —¢)). Then
W(’}/i?C) = —W("}/,C).

(3) Let~y =~ +--- 4+, be the concatenation of n closed paths 7y,...,7, and assume
that ¢ ¢ im~; foralli = 1,...,n. Then

W(v,c) = ; W (i, c).

~

(4) If ~p ~ 1 are closed homotopic in C\ {c}, then
W(v0,¢) = W(n,e).

Theorem 5.4.4 (Residue theorem). Let V C C be open and U =V \ {cy,...,cs} for
pairwise distinct points cy,...,cs € V. Let v : I — U be a closed path that is contractible
inV. Let f : U — C be a holomorphic function. Then

/f = 27i - zs: W(v,ci) - Resg, f-
5 i=1
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Proof. We restrict ourselves to the case that none of the ¢; are an essential singularity of
f since the proof for essential singularities is more complicated.

Fori=1,...,s,let

Z ai,n(z - Ci)n

n=m;

be the Laurent expansion of f at ¢; where m; = ord,,(f) > —eceo. Note that its principal
part Z,;:lmi a; n(z— c¢;)" defines a holomorphic function on C\ {¢;}. Since the Laurent
expansion of

S

~1
g(2) = fl2) = Y Y ainlz

i=1 n=m;

ateachof cy,...,cs1s a power series by construction, the holomorphic function g: U — C
extends analytically to V. Since -y is contractible in V, we have fv g = 0 by Cauchy’s
integral theorem (Theorem 2.7.6). Thus

-

1

ia / w—c;)"

n=m;

-

N
I
_

i—1 [ (w— ci)*1 dw

I
Q
=

~.

= 2mi - ). W(y,ci) - Res,, f.
i=1

where we use that [, (w —¢;)" dw = 0 for n # —1 in the second equality, and insert the
definitions of the winding number and the residue in the last equality. ]

Example 5.4.5. We continue Example 4.3.5: consider the rational function given by

@) = 53—

and the path v : I — C given by
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W (y,0) -4
W(y4)= 2

Figure 5.4: The winding number around zero is 1 since we only go around it once, but
around 1 we circle two times, hence the winding number is 2.

Then, with the notation as in Theorem 4.4.4, welet V = C and U = C\ {0, 1} to get

/f — 2ni (W(%O) ‘Resof + W(y,1) - Reslf>
J

= 2mi - (1-(—1) +2-1) = 27i.

5.5 The argument principle

Definition 5.5.1. Let U C C be open and f : U — C holomorphic. Let S := f~1(0) cU
be the set of zeros of f. The logarithmic derivative of f is the holomorphic function

7/: U\S — C.

Remark 5.5.2.

(1) Let log, be any branch of the logarithm and assume that U \ S C Uy for ¥ = €.

Then
flm) _ d
f(2) dz

log, f(2)

forallze U\ S.
(2) Assume that g : U \ S — C is holomorphic and without zeros. Then
(fg) _ flg+fs _ f

_ A 4
f&  fg 7

as functions on U \ S, i.e. the logarithmic derivative of a product of functions is
the sum of the logarithmic derivatives of the factors.
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Proposition 5.5.3. Let f : D?(c) — C be holomorphic. Assume that ord.(f) # —eo and
that f(z) # 0 for all z € D?(c). Then there is a holomorphic function g : D,(c) — C
such that

f . ord(f)
7(Z) T ¢

for all z € D (c). In particular, ord.(f) = Res.(f'/f).

+ g(z)

Proof. Let and f(z) = Y a,(z — ¢)" the Laurent expansion of f at ¢ and m = ord.(f).
By Proposition 4.2.8,

fl2) = m-ap(z—c)" ' + -~
has ord,.(f") > m— 1, and thus by Remark 4.1.2 we have

ord.(f'/f) = orde(f') — orde(f) > m—1—-m = —1.

By the definition of ord.(f), there exists a holomorphic function % : D,(c) — C with

f(z) = (z=¢)" - h(z)

for all z € D?(c). Since neither f(z) nor (z—c)™ has a zero in D?(c), also i does not
have a zero in D?(c). Thus g = %/ is holomorphic on D?(¢), and

£ (@=omn)  mz—c)™t W orde(f)
o (z=omh  (z—o)m TR T e T8

where we use Remark 4.5.2 in the second equality and m = ord,(f) in the third equality.
This concludes the proof of the first claim. The second claim follows from the fact that

/
the Laurent expansion of % at ¢ is of the form

(o)

ord.(f)-(z—¢)" ! + Z bp(z—c)"

n=0

where g(z) = Y._obn(z—c)" is the Taylor expansion of g at c. O

Theorem 5.5.4 (The argument principle). Let U C V C C be open subsets such that
S=V\U is finite. Let f : U — C be a nontrivial holomorphic function with ord.(f) #
—oo forall c € S. Let v : I — U be a closed path that is contractible in V and such that
f(~v(@)) #O0forallt €. Then

Y weool) = g5 [Lo= wirero)
Y

ceSU{zeros of f}
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Figure 5.5: Closed path maps to closed path

Proof. This follows from the direct computation

/
Wine) - orde(f) = Y W(re) - Res,L
ceSU{zeros of f} ceSU{zeros of f} f
_ f
2 f
5
1 1
R
27i [ dz
Y
1 1
2mi / w
foy
= W(f0770)7

whose first equality holds by Proposition 4.5.3, whose second equality holds by the
residue theorem (Theorem 4.4.4) and whose fourth equality follows from a variable
substitution of z by w = f(z). O

Example 5.5.5. Consider v = C,(0),V =C, U =C*, and f(z) =Z". Then ordy(f) =n
and the closed path foC,(0) : I — C (given by t — " - €™) circles n-times counter-
clockwise around 0. Thus we find back the result of the argument principle (Theo-
rem 4.5.4):

W(foCr(0),0) =n=1-n= W(C(0),0) - ordy(f).

We can also determine the third quantity explicitly as

1 f 1 n 2mi-n
— = = — —dz = — = n
27i f 27i Z 27
C,(0)

in this case.

Definition 5.5.6. Let v : I — C be a closed path and U = C \ im~y. The interior of 7y is
the union ' of all bounded connected components of U.
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¥

@b

Figure 5.6: Shaded in pink is the union of 7 interior components

Remark 5.5.7.

(1) Since im+~ is bounded, 7™ is bounded and U = C \ im~ has precisely one con-
nected component that is unbounded.

(2) If W(v,z) # 0 for z € U, then z € ™™

(3) It follows from Theorem 5.1.3 (proven later) that the set Sq of zeros of a holomor-
phic function f is discrete. So SpN A"t is finite. Similarly, the set of poles of f
inside '™ is finite.

Corollary 5.5.8. Let U C V C C be open subsets, f:U — C holomorphic and v : 1 — U
be a closed path that is contractible in' V. Assume that f(v(t)) # 0 for all t € I, that
W (~,z) =1 forall z € y™, that V \ U is finite, and that ord.(f) # —oo for all c € V\ U.
Define

NO) = Y orde(f) and N(e) = Y = Jorde(f)l.

zeros cEyint poles cc~int

Then
N(0) — N(eo) = W(f07,0).

Proof. This follows at once from the definitions of N(0) and N(eo), the assumption that
W(v,z) = 1 for z € '™, and the argument principle (Theorem 4.5.4):

NO) - N = Y Wna)-odf) = W(For.0). =
oraL (/)20

Remark 5.5.9. Note that the set S in Corollary 4.5.8 is the set of zeros and isolated
singularities of f in the interior of . Since we exclude essential singularities, S contains
only zeros, poles, and possibly removable singularities. The quantities N(0) and N(oo)
are the number of zeros and poles of f, respectively, counted with multiplicities.

Note that by Theorem 5.1.3 (as proven later) that the set of zeros of a holomorphic
function f: U — C is discrete. Since v™ is bounded (cf. Remark 4.5.7), f has only
finitely many zeros in ™. So the hypothesis that S (as defined in the theorem) is finite
is automatic if we assume that V \ U is finite.
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5.6 Rouché’s theorem

Theorem 5.6.1 (Rouché’s theorem). Let U C C be open, f,g:U — C holomorphic
and ~y : I — U a closed path that is contractible in U and such that W (v,z) = 1 for all

z € ,.yint. If
[f(v(1) —g(v(1))| < [e(v())]
forallt €1, then

Z ord.(f) = Z ord.(g).

C‘E’Yim CG’yi"t

10(0) T ReQ)
anmm | £CECEN -9C§CE)|

8(6(&3)

Remark 5.6.2. As explained in Remark 4.5.9, the number of zeros and poles of f and g
in fyi“‘ is finite, so the sums in Rouché’s theorem are finite (and thus well-defined) if we
ignore the zero terms.

In fact, since 7 is contractible in U, f does not have a singularity in ™™, and thus
ord.(f) > 0 for all ¢ € 4'™. This means that Rouché’s theorem expresses an equality
between the zeros of f and the zeros of g, when counted with multiplicities.

Proof. We define the continuous function

H: [0,1]xU — C
(12) > Hi(z):=g(2) +1(f(2) —(2))

(a homotopy from g = Hy to f = Hy). By the triangle inequality, we have
la+b| + [b| = |a+b[ + [=b] > |la+b—b| = |a],

and thus |a+b| > |a| — |b|. Applying this to a = g(z) and b =1(f(z) — g(z)) yields for
all z € im~ and 7 € [ that

Hi(2)| = |g(z)+1(f(z) —g(2)| = lg(@)| — It]-1f(z) —g(z)]
> [g(z)| — [f(z) —g(2)] > 0,

where the second inequality follows from |f| < 1 and the last inequality follows from
the hypothesis that |f(z) — g(z)| < |g(z)| for all z € im~.
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This shows that H;(z) # 0 for all # € I and z € im~y. Therefore Theorem 4.5.4 applies
and yields (for any fixed t € I)

1 1
N(f) := Ztordc(H,) = W(H07,0) = 5 - / = dw
cerym H o

which is an integer that is independent of # by Cauchy’s integral theorem (Theorem 2.7.4)
since H; o~y : I — C* is a closed homotopy in C*, the domain of v]—v Thus

Z ord.(f) = N(1) = N(0) = Z ordc(g),

Ceryint cefyint
as claimed. L]

As an application, we find another short proof of the fundamental theorem of algebra
(Theorem 3.6.1).

Theorem 5.6.3. Every complex polynomial of positive degree has a zero.

Proof. Consider a complex polynomial f = ayz? +---+ajz+ag of degree d > 1. Define
g = ayz% and let r > 0 be sufficiently large, so that

(@) =8| = lag—1z'~" 4+ +ao| < |agz|] = g(2)|

for all z € imC,(0). Then

Z ord.(f) = Z ord.(g) = ordg(g) = d

ceC,(0)int ceC,(0)int

by Rouché’s theorem (Theorem 4.6.1), which shows that f has d > 0 zeros, counted
with multiplicities. ]

Example 5.6.4. In fact, the method of the preceding proof provides a constructive
method to narrow down the location of the zeros of a complex polynomial. We demon-
strate this in the following example of the polynomial f = z°> +4z+ 2.

(1) Let g = z°. Then for |z| = 2, we have
() —g()] = l42+2] < 4-]z[+2 = 10 < 32 = [z’ = [g(z)],
which allows us to apply Rouché’s theorem to conclude that

Y orde(f) = orde(g) = 5.

lc|<2

Thus all 5 zeros of f (counted with multiplicities) lie inside the open disc D,(0).
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(2) Let g(z) = 4z. Then for |z| = 1, we have
f(2)—8@)] = |2 +2] < 2P +2 < 4 = 4]z = |3(2)].
Thus by Rouché’s theorem, we have

Z ord.(f) = ordp(g) = 1,

lc|]<1

which shows that f has precisely one simple zero (multiplicity 1) in the open disc
D (0).

N/

Figure 5.7: Open disc with r = 1 with one zero inside and open disc with r = 2 with
five zeros inside

5.7 The open mapping principle

Let U C C be open. A holomorphic function f : U — C is locally non-constant if for
every open disc D,(a) that is contained in U, the restriction of f to D,(a) is non-constant.

Theorem 5.7.1 (open mapping principle). Let U C C be open and f : U — C holomor-
phic and locally non-constant. Then f(U) is open.

Proof. The image f(U) is open if for every a € U and b = f(a), there is an € > 0 such
that D.(b) C f(U).

To find such an ¢, we define for fixed @ € U and b = f(a) the function f,(z) =
f(z) —b. Since fy(a) = 0, we have that m = ord,(fp) > 1. Let r > 0 be such that
D,(a) is contained in U. By the definition of ord,(f3), there is a holomorphic function
g:Dy(a) — C with g(a) # 0 and

fo(2) = (z—a)" - g(z)

for all z € D,(a). Since g is continuous, there is an s € (0,r) such that g(z) # 0 for all
z € Dy(a). Since dDg(a) = {z € C | |z—a| = s} is compact, | f,| assumes its minimum
on dDy(a). Now set

e := min{|f,(2)|||lz—a|=s} > 0.
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Note that € > 0 is guaranteed since (z —a)™ # 0 and g(z) # 0 for all z € dDy(a). We
claim that D.(b) C f(U), which implies that f(U) is open.
Consider w € D¢(b). For |z —a| = s, we have

((f@)=w) = fo(2)| = Iw=0] < e < |fi()].

It then follows by Rouché’s theorem (Theorem 4.6.1) that

Z ord.(f(z) —w) = Z ord.(fp) > 0.

lc—al<s |c—a|<s

Since fj,(a) = 0, we hence have f(z) —w = 0 for some z € Dg(a). Thus w = f(z) is in
f(U), which shows that D.(b) C f(U) as claimed. O

As a consequence of the open mapping principle, we can remove the hypothesis that
the inverse of a holomorphic bijection is continuous from the inverse function theorem
(Theorem 1.2.5).

Theorem 5.7.2 (inverse function theorem). Let U and V be open subsets of C and
f: U =V a holomorphic bijection with inverse bijection g : V — U. If f'(a) # 0 for all
a € U, then g is holomorphic with derivative

1
f'(8(D))

g'(b) =

forallbeV.

Proof. Since f'(a) # 0 for all a € U, f is locally non-constant. Thus g~! (W) = f(W)
is open for every open subset W C U by the open mapping principle (Theorem 4.7.1),
which shows that g is continuous. Thus the theorem follows from Theorem 1.2.5. [

5.8 Exercises

Exercise 5.8.1. Let z € Cand r > 0 and f,g : D?(a) — C be holomorphic and nontrivial.
Assume that ord,(f),ord,(g) € Z. Show that

ordy(f-g) = orda(f) +orda(g);

orda(%) = —ord,(f);

ord,(f+g) > min{ord,(f), ord,(g)}.
What happens if ord,(f) = —co?

Exercise 5.8.2. Let f : D?(a) — C be holomorphic. Show that a is a removable singu-
larity if and only if f extends analytically to a.

Exercise 5.8.3. Let f be a polynomial of degree d and a € C. Show that 0 < ord, (f) < d.
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Exercise 5.8.4. Prove all claims of Example 4.1.3.

Exercise 5.8.5 (Uniqueness of Laurent expansions). Let f : Ann, ,(c) — C be given as

where we assume that the Laurent series on the right hand side converges for all z €

Anny ,(c). Prove that
1 fw)
= — ————d
= o / (w—c)rt! Y
C[ (C)
for any 7 € (s,r) and conclude that the coefficients a, are uniquely determined by f (as
a function on Anny ,(c)).

Hint: Replace f(w) by Y. a,(w — ¢)" in the above integral and use that the partial sums
converge uniformly to f for w € imC;(c), which allows you to interchange the integral
and the infinite sum.

Exercise 5.8.6. Consider the rational function f(z) = 5%;.

(1) Show that Zz(i—j) has a removable singularity at 1. Simplify this expression to find

a rational function g(z) that is holomorphic at 1 and such that f(z) = Z_L] -8(z) for
all z € C\ {poles of f}.

(2) Determine the terms b and b; of the Taylor expansion g =Y (b,(z—1)" of g
at 1.

(3) Derive the terms a_; and ag of the Laurent expansion f =Y~ a,(z—1)" of f
at 1.

Exercise 5.8.7. Prove the formula of Remark 4.3.4: let f : D?(c) — C be holomorphic

with Laurent expansion f(z) = Y a,(z— ¢)" at ¢ and assume that —m = ord,(f) # —eoo.

Then for k > —m, we have

1 dm+k
(m+k)!  dgmk

ap —

Exercise 5.8.8. Prove all claims of Remark 4.4.3.

Exercise 5.8.9 (Geometric intepretation of the winding number). Let v : I — C\ {0}
be a closed path and define 7 : I — C\ {0} by

. (1)
50y = 20
()]
(1) Find a closed homotopy from ~y to 4 in C\ {0}.
(2) Show that 5(¢) = e*™() for a continuous map « : I — R with a(1) — «(0) € Z.
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(3) Letn=a(1) — a(0). Use a to construct a closed homotopy from 4 to the n-fold
circle 7, (t) = e*™",

(4) Conclude that W (~,0) = W (+,,0) = n.
Remark: The same arguments work for any point zg € C\ im~y. We have assumed zo = 0
in this exercise merely for simplicity.
Bonus question: Explain why Theorem 4.5.4 is called the argument principle. This is,

how does W (f 0+,0) relate to the argument of f o~y?

Exercise 5.8.10. Consider the rational function f(z) = .

(1) Determine all zeros and poles of f, including their respective orders.
(2) Compute the residue of f at each pole.

(3) Lety, = {1+re" |t €[0,2n]} for r = 1,2. Determine which poles of f are in its
interior for r = 1, 2.

(4) Compute

forr=1,2.
Exercise 5.8.11. Prove all claims of Remark 4.5.2.

Exercise 5.8.12. Show that all zeros of the polynomial f(z) = z° +7z° + 10z + 1 lie in
the open disc D3(0). How many zeros (counted with multiplicities) lie in D;(0) and in
the annuli Ann; »(0) and Ann; 3(0)?

Exercise 5.8.13 (Symmetric version of Rouché’s theorem). Prove the following stronger
version of Rouché’s theorem (and think about why it implies Rouché’s theorem):

Let U C C be open, f,g: U — C holomorphic and « : I — U be a closed path that
is contractible in U and such that W (,z) = 1 for all z € 4", If

|F(v(@) —g(v(1))] < |F(v(@))| + |g(v(1))]

for all t € I, then

Z ord.(f) = Z ord.(g)-

Ce,yint Ce,yint

Hint: You can find an outline of the proof on the Wikipedia page on Rouché’s theorem.


https://en.wikipedia.org/wiki/Rouch%C3%A9%27s_theorem#Symmetric_version

Chapter 6

Further topics

6.1 Analytic continuation

Definition 6.1.1. Let A C C be a subset. An accumulation point of A is an element
a € C such that D¢ (a) NA # @ for every € > 0.

Remark 6.1.2. (1) In general, an accumulation point a of A might be in A or not.
(2) The closure A of A equals the union of A with all of its accumulation points.

(3) If {z, }nen is a sequence that converges to a, then a is an accumulation point of
the set A = {z,}. Conversely, if a is an accumulation point of A, then there exists
a sequence {z, } N in A that converges to a.

(4) A subset A C C is discrete if and only if it has no accumulation points.

(5) A subset A C C is dense if and only if every element of C is an accumulation
point of A.

Recall that a domain is an open and connected subset of C.

Theorem 6.1.3. Let U be a domain and f : U — C holomorphic and non-trivial. Then
Z={z€ C| f(z) =0} is discrete.

Proof. Assume that Z is not discrete. Then the set A C U of accumulation points of Z
in U is non-empty. Consider a € A and a sequence {z, },cn in Z with limit a. Since f is
continuous, we have

fla) = lim f(z,) = 0,

n—oo

which shows that a € Z. Thus A C Z, meaning that an accumulation point of A is an
accumulation point of Z, and therefore is contained in A. We conclude that A=Ais
closed in U.

Consider ¢ € A and the Taylor expansion f(z) = Y a,(z—c¢)" at ¢ (for z € D,(c) and
suitable > 0 so that D,(c) C U). We prove by induction on n that a, = 0 for all n € N.

85
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The base case n = 0 follows from the fact that ag = f(c) = 0 (since ¢ € A C Z). Let

n > 0 and assume that ag = ... = a,—; = 0. Then
f(2) - k
Z = = a Z—C
fn( ) (Z_C)n k;) n+k( )

defines a holomorphic function on D,(c) with f,(z) = 0 for every z € D?(c) N Z. Since
¢ is an accumulation point of Z, and thus of D?(c) NZ, we conclude as before that
an = fn(c) =0, which concludes the induction.

We conclude that D,(c) C A, which shows that A is open. Since U is connected and
since A is open and closed in U, we conclude that A = U. Thus f is constant 0, which
contradicts our assumptions. O]

Theorem 6.1.4. Let U C C be a domain f,g : U — C holomorphic, and {z,},cn a
sequence in U that converges to a € U\ {zn}nen. If f(2n) = g(zn) for all n € N, then
f = g as functions.

Proof. Since (f —g)(z,) =0foralln € N, theset {z € U | (f —g)(z) =0} is not discrete
in U since it has an accumulation point. Thus by Theorem 5.1.3, f — g is constant 0, 1.e.

f=g. O
Remark 6.1.5. The hypothesis of Theorem 5.1.4 could be exchanged by either of the
following:

(1) {zn} converges to a point a € U with #{z,} = oo and f(z,) = g(z,) for all n € N;
(2) A C U is a subset with an accumulation point a € U and f(z) = g(z) for all z € A.

Definition 6.1.6. Let U C C be open, A C U a subset and f : A — C a function. An
analytic continuation of f to U is a holomorphic function f: U — C whose restriction
to A equals f.

Note that f extends analytically to U (in the sense of Definition 4.1.1) if and only if
it has an analytic continuation to U.
We now prove that analytic continuations are unique.

Corollary 6.1.7. Let U be a domain, A C U a subset with an accumulation point a € U
and f : A — C a function. Then f has at most one analytic continuation to U.

Proof. Since A has an accumulation point a, it contains a sequence {z, },cn that con-
verges to a, yet z,, # a for any n € N. Any two analytic continuations of f to U agree on
{zn}, as a subset of the domain of f. By Theorem 5.1.4, the two analytic continuations
are equal. [

Remark 6.1.8. In the light of Corollary 5.1.7, we can revisit the extensions of real
valued analytic functions to holomorphic functions.

Let U be a domain, A a non-empty open subset of R that is contained in U and
f:A—Rafunction; suchasA=RandU =C,orA=R.pandU =U_; ={z€C|
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z¢ R<p}. As an open subset of R, A has an accumulation point. Thus by Corollary 5.1.7,
/ has at most one analytic continuation to U.

This re-establishes the holomorphic functions
exp:C— C, sin: C — C, cos: C—C, log:U_; —C

as the unique analytic continuations of the corresponding real valued functions.

Recipe for analytic continuation. In the following, we explain a strategy for the
construction of an analytic continuation of a given holomorphic function f: V — C
(where V C Cis open) to a point w € C (typically not in V'), by the means of following a
path ~ : I — C from a point (0) € V to (1) = w. We say that f : U — C is an analytic
continuation of f along ~ if U contains V Uim~.

Insert an illustration

We aim at extending f iteratively to holomorphic functions f; : U; — C (for i > 0).
As our initial definition (for i = 0), we use to = 0, Up =V and fy = f.

Leti > 0 and assume that we have constructed an analytic continuation f;_ : U;_; —
C of f to an open superset U;_; of U that contains ([0,;_;]) for some 7;_; € I. Since
U;_ is open, we can choose a t; € I with #; >#;_; and v([0,#;]) C U;_. Define ¢; = (t;)
and consider the Taylor expansion

f() = ioai,r,(z—ci)"

of f at ¢;. Let r; be the radius of convergence of this power series, i.e., Y a; ,(z —¢;)"
converges for z € D,,(c;) and defines a holomorphic function on this disc, which agrees
with f;_; for z € D,,(¢;) NU;—1. We define U; = U;_1 UD,,(c;) and

f,‘ U — C
SN fi-1(2) %fZ € U1,
Yain(z—ci))" if z€ Dy(ci),

which is an analytic continuation of f;_{, and thus of f, to U;.

This iteration produces a sequence of open subsets V =Uy C ... CU; C ... and
analytic continuations f; : U; — C of f.
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Our hope is that eventually w = (1) € U, for some m. In this case, fy, : Uy, — Cis
an analytic continuation of f to w along 7.

It is, however, not guaranteed that this strategy produces an analytic continuation
to w, which depends on f and on a “good” choice of path v (cf. Exercise 5.2.1). The
choices of the #; are of minor relevance (one merely has to avoid that {t;} forms a
converging sequence; cf. Exercise 5.2.2); in particular, the value at w of the analytic
continuation of f along v does not depend on the choices of the ¢;. Moreover, the value
at w € U,, does not change if we replace vy by a path 4 that is homotopic to v in Uy, (rel.
to {0, 1}); cf. Exercise 5.2.2.

Note further that the value of f(w) depends in general on the choice of path, provided
that our strategy has success (cf. Example 5.1.9).

Example 6.1.9. Consider the restriction log : V — C of the principal branch of the
logarithm to V = {z € C | Rez > 0}. In the following, we construct analytic continuations
to —1, following the half-circles

Y+ - 1 (C
z Yy

— v~: I — C
it and — it
— e Z —> e

through the upper and lower halfplane, respectively, as illustrated as follows:
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We see that we can extend log to —1 along both path, but that the value at —1
depends on the chosen path: in the first case, we get —1 — i, and in the second case,
we get —1 — —7i.

6.2 Exercises

Exercise 6.2.1. Consider f:V — C with V = {z € C|Rez >0} and f(z) = 1 and the
path v : I — C from 1 to —1 with «(¢) = 1 —2¢. Show that the Taylor expansion of
f at ¢ = 7(t) does not converge for z =0 for any ¢ < 1/2. Conclude that the strategy
for analytic continuation from section 5.1 does not succeed to provide an analytic
continuation of f that is defined in —1.

What happens in the case of log : V — C for the same choice of V and v (cf.

Example 5.1.9)? Does log extend to —1 along v?

Exercise 6.2.2. Let f: V — C be a holomorphic function and ~ : I — C a path from
7(0) € Vtow =(1). Let f : U — C be an analytic continuation along ~.

(1) Show that under these hypothesis, the strategy for analytic continuation along a
path from section 5.1 produces an analytic continuation f,, : U,, — C of f along

v, and that f,,(w) = f(w).

Hint: Show that there is a suitably large n such that we can choose the #; in such a
way such that#;, —t;_| > % Conclude that w € U, for some m (in fact, this is the
case for some m < n). Use Corollary 5.1.7 to show that f,,(w) = F(w).
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(2) Let 5 : I — U be a path from ~(0) to w that is homotopic to 7 in U relative to
{0,1}, and f; : Uz — C an analytic continuation of f to w along 4. Show that

Fa(w) = F(w) = fn(w).
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